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Àííîòàöèÿ

Â ïðîñòðàíñòâàõ Õàðäè Hq,ρ (1 ≤ q ≤ ∞, 0 < ρ ≤ R) è âåñîâûõ ïðî-

ñòðàíñòâàõ Áåðãìàíà Bq,γ è Lq,γ (1 ≤ q < ∞, γ ≥ 0) íàéäåíû íàè-

ëó÷øèå ëèíåéíûå ìåòîäû ïðèáëèæåíèÿ êëàññîâ W
(r)
a Hq,R(Φ) �óíêöèé

f ∈ Hq,R, ó êîòîðûõ r-ÿ ïðîèçâîäíàÿ f
(r)
a ïî àðãóìåíòó t êîìïëåêñíîé

ïåðåìåííîé z = ρ exp(it) òàêæå ïðèíàäëåæàò Hq,R, è óäîâëåòâîðÿþò

óñëîâèþ

1

h

h∫

0

ω(f (r)
a , t)Hq,R

dt ≤ Φ(h),

ãäå h ∈ R+, ω(ϕ, t)Hq,R
� ìîäóëü íåïðåðûâíîñòè �óíêöèè ϕ ∈ Hq,R.

Âû÷èñëåíû òî÷íûå çíà÷åíèÿ ðÿäà n-ïîïåðå÷íèêîâ êëàññà W
(r)
a Hq,R(Φ)

â óêàçàííûõ ïðîñòðàíñòâàõ.

Êëþ÷åâûå ñëîâà è �ðàçû

íàèëó÷øèå ìåòîäû ëèíåéíûõ ïðèáëèæåíèé, ìîäóëü íåïðåðûâíîñòè,

ïðîñòðàíñòâî Õàðäè, âåñîâîå ïðîñòðàíñòâî Áåðãìàíà, n-ïîïåðå÷íèêè.
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Abstrat

In Hardy spaes Hq,ρ (1 ≤ q ≤ ∞, 0 < ρ ≤ R) and weighted Bergman

spaes Bq,γ and Lq,γ (1 ≤ q < ∞, γ ≥ 0), the best linear approximation

methods for lasses W
(r)
a Hq,R(Φ) of funtions are obtained. These are

funtions f ∈ Hq,R whose r-th derivative f
(r)
a with respet to the argument

t of the omplex variable z = ρ exp(it) also belongs to Hq,R and satis�es

the ondition

1

h

h∫

0

ω(f (r)
a , t)Hq,R

dt ≤ Φ(h),

where h ∈ R+, ω(ϕ, t)Hq,R
is the modulus of ontinuity of the funtion

ϕ ∈ Hq,R. The exat values of ertain n-widths of the lass W
(r)
a Hq,R(Φ) in

the mentioned spaes are alulated.

Keywords

best linear approximation methods, modulus of ontinuity, Hardy spae,

weighted Bergman spae, n-widths.

For itation

On exat values of widths of lasses of funtions analyti in a disk //Mat.

Trudy, 2024, V. 27, N. 4, P. 115-140. DOI 10.25205/1560-750X-2024-27-4-

115-140

� 1. Ââåäåíèå è ïðåäâàðèòåëüíûå ñâåäåíèÿ

Âîïðîñû âû÷èñëåíèÿ òî÷íûõ çíà÷åíèé ïîïåðå÷íèêîâ íåêîòîðûõ êëàñ-

ñîâ àíàëèòè÷åñêèõ â åäèíè÷íîì êðóãå �óíêöèé è ïîñòðîåíèÿ íàèëó÷øèõ

ëèíåéíûõ ìåòîäîâ ïðèáëèæåíèÿ â ïðîñòðàíñòâå Õàðäè Hq (1 ≤ q ≤ ∞)
ðàññìàòðèâàëèñü, íàïðèìåð, â ðàáîòàõ [1�13℄ (ñì. òàêæå ëèòåðàòóðó, ïðè-

âåäåííóþ â íèõ).
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Â äàííîé çàìåòêå, ïðîäîëæàþùåé èññëåäîâàíèÿ óêàçàííîé òåìàòèêè,

íàéäåíû çíà÷åíèÿ ðàçëè÷íûõ n-ïîïåðå÷íèêîâ íåêîòîðûõ êëàññîâ àíàëè-

òè÷åñêèõ �óíêöèé, âûòåêàþùèõ èç ðàáîòû Ë.Â.Òàéêîâà [3℄.

Ïóñòü UR := {z ∈ C : |z| < R} � êðóã ðàäèóñà R â êîìïëåêñíîé

ïëîñêîñòè C, à A(UR) � ìíîæåñòâî àíàëèòè÷åñêèõ â UR �óíêöèé. Äëÿ

ïðîèçâîëüíîé �óíêöèè f ∈ A(UR) ïðè 0 < ρ < R ïîëîæèì

Mq(f, ρ) :=







 1

2π

2π∫

0

|f(ρeit)|qdt




1/q

, åñëè 1 ≤ q < ∞,

max
{
|f(ρeit)| : 0 ≤ t < 2π

}
, åñëè q = ∞,

ãäå èíòåãðàë ïîíèìàåòñÿ â ñìûñëå Ëåáåãà.

Ñèìâîëîì Hq,R, 1 ≤ q ≤ ∞ îáîçíà÷èì áàíàõîâî ïðîñòðàíñòâî Õàðäè,

ñîñòîÿùåå èç �óíêöèé f ∈ A(UR), äëÿ êîòîðûõ êîíå÷íà íîðìà [10, 11℄

‖f‖Hq,R
= lim

ρ→R−0
Mq(f, ρ).

Ïðè ýòîì íîðìà ðåàëèçóåòñÿ íà óãëîâûõ ãðàíè÷íûõ çíà÷åíèÿõ f(Reit) ∈
Lq[0, 2π] (1 ≤ q ≤ ∞), òî åñòü

‖f‖Hq,R
=






 1

2π

2π∫

0

|f(Reit)|qdt




1/q

, åñëè 1 ≤ q < ∞,

essup

{
|f(Reit)| : 0 ≤ t < 2π

}
, åñëè q = ∞.

Ñèìâîëîì Hq,ρ (0 < ρ ≤ R) îáîçíà÷èì ïðîñòðàíñòâî Õàðäè �óíêöèè

f ∈ A(Uρ), äëÿ êîòîðîé ‖f(z)‖Hq,ρ
:= ‖f(ρz)‖Hq

< ∞ ïðè âñåõ 0 < ρ ≤ R.
Â ñëó÷àå R = 1 ïîëàãàåì Hq,1 := Hq, ‖f‖Hq,1

:= ‖f‖Hq
, U1 := U .

×åðåç Lq := Lq(U) (1 ≤ q ≤ ∞) îáîçíà÷èì áàíàõîâî ïðîñòðàíñòâî

êîìïëåêñíîçíà÷íûõ â U �óíêöèé f , èìåþùèõ êîíå÷íóþ íîðìó [8℄

‖f‖Lq
=




1

2π

∫∫

(U)

|f(z)|qdxdy




1/q

=



 1

2π

1∫

0

2π∫

0

ρ|f(ρeit)|qdtdρ




1/q

,

ãäå èíòåãðàë ïîíèìàåòñÿ â ñìûñëå Ëåáåãà.

Ïóñòü γ(|z|) � íåêîòîðàÿ íåîòðèöàòåëüíàÿ, èçìåðèìàÿ, íå ýêâèâàëåíò-

íàÿ íóëþ �óíêöèÿ, ñóììèðóåìàÿ íà ìíîæåñòâå U . ×åðåç Lq,γ := Lq(U, γ)
(1 ≤ q < ∞) îáîçíà÷èì ìíîæåñòâî êîìïëåêñíîçíà÷íûõ â U �óíêöèé f ,
äëÿ êîòîðûõ

γ1/qf ∈ Lq(U), ‖f‖Lq,γ
:= ‖γ1/qf‖Lq

.
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Ïîä Bq,γ := Bq(U, γ) (1 ≤ q < ∞), ïîíèìàåì áàíàõîâî ïðîñòðàíñòâî �óíê-

öèé f ∈ A(U) òàêèõ, ÷òî f ∈ Lq,γ. Ïðè ýòîì [11℄

‖f‖Bq,γ
=




1∫

0

ργ(ρ)M q
q (f, ρ)dρ




1/q

.

Â ÷àñòíîì ñëó÷àå γ(ρ) ≡ 1 ïðîñòðàíñòâî Bq,1 ≡ Bq åñòü õîðîøî èçâåñò-

íîå ïðîñòðàíñòâî Áåðãìàíà [8℄. Ýêñòðåìàëüíûå çàäà÷è ïîëèíîìèàëüíîãî

ïðèáëèæåíèÿ àíàëèòè÷åñêèõ â êðóãå �óíêöèé, ñâÿçàííûå ñ âåñîâûìè ïðî-

ñòðàíñòâàìè Áåðãìàíà, ðàññìîòðåíû, íàïðèìåð, â ðàáîòàõ [6, 11, 14, 15℄.

� 2. Îñíîâíûå ðåçóëüòàòû

Ñèìâîëîì f
(r)
a (z) (z ∈ U, r ∈ N) îáîçíà÷èì ïðîèçâîäíóþ r-ãî ïîðÿäêà

àíàëèòè÷åñêîé �óíêöèè f(z) ïî àðãóìåíòó t êîìïëåêñíîé ïåðåìåííîé z =
ρ exp(it), òî åñòü

f ′
a(z) :=

∂f(z)

∂t
=

df

dz
·
∂z

∂t
= f ′(z) · zi,

f (r)
a (z) =

{
f (r−1)
a (z)

}′
a
, r ≥ 2, r ∈ N.

Ïîä H
(r)
q,R,a ïîíèìàåì êëàññ �óíêöèé f ∈ A(UR), äëÿ êîòîðûõ f

(r)
a ∈

Hq,R. Ñòðóêòóðíûå ñâîéñòâà �óíêöèè f ∈ H
(r)
q,R,a õàðàêòåðèçóåì ñêîðîñòüþ

ñòðåìëåíèÿ ê íóëþ ìîäóëÿ íåïðåðûâíîñòè

ω(f (r)
a , δ)Hq,R

= sup
{
‖f (r)

a (Rei(·+h/2))− f (r)
a (Rei(·−h/2))‖Hq

: |h| ≤ δ
}

ãðàíè÷íûõ çíà÷åíèé f
(r)
a (Reit), çàäàâàÿ ýòó ñêîðîñòü ïîñðåäñòâîì ìàæî-

ðàíòû íåêîòîðîé óñðåäí�åííîé âåëè÷èíû ω(f
(r)
a , δ)Hq,R

. Ïóñòü Pn � ïîäïðî-

ñòðàíñòâî àëãåáðàè÷åñêèõ ïîëèíîìîâ êîìïëåêñíîé ïåðåìåííîé ñòåïåíè íå

âûøå n. �àâåíñòâîì

En−1(f)X := inf {‖f − pn−1‖X : pn−1 ∈ Pn−1}

îïðåäåëèì íàèëó÷øåå ïðèáëèæåíèå �óíêöèè f ∈ X ýëåìåíòàìè ïîäïðî-

ñòðàíñòâà Pn−1 â ìåòðèêå ïðîñòðàíñòâà X .

Èìååò ìåñòî ñëåäóþùàÿ
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Òåîðåìà 1. Äëÿ ïðîèçâîëüíîé �óíêöèè f ∈ H
(r)
q,R,a ïðè ëþáûõ r ∈

Z+, 1 ≤ q ≤ ∞, 0 < ρ < R è n ∈ N âûïîëíÿåòñÿ íåðàâåíñòâî

En−1(f)Hq,ρ
≤
( ρ

R

)n 1

nr
· En−1(f

(r)
a )Hq,R

, (1)

êîòîðîå îáðàùàåòñÿ â ðàâåíñòâî äëÿ �óíêöèè f0(z) = azn, a ∈ C, n ∈ N.

Äîêàçàòåëüñòâî. Âîñïîëüçóåìñÿ ñõåìîé äîêàçàòåëüñòâà ðàáîòû [2℄, ãäå

(1) äîêàçàíî â ñëó÷àå ρ = R = 1 (ñì. [2, òåîðåìà 1℄). Ïóñòü pn−1(f
(r)
a , z)

� ïîëèíîì íàèëó÷øåãî ïðèáëèæåíèÿ ïðîèçâîäíîé f
(r)
a â íîðìå ïðîñòðàí-

ñòâà Hq,R:

En−1(f
(r)
a )Hq,R

= ‖f (r)
a − pn−1(f

(r)
a )‖Hq,R

.

Ïîëîæèì

Q(z) := Q(f (r)
a , z) = f (r)

a (z)− pn−1(f
(r)
a , z).

Âûðàæàÿ êîý��èöèåíòû ck(f) �óíêöèè f(z) ïî �îðìóëå Êîøè

ck(f) =
1

2πinr

∫

|ζ|=R

Q(ζ)

ζk+1
dζ, k, n ∈ N, k ≥ n,

äëÿ z ∈ UR (|z| = ρ ≤ R) ïîëàãàÿ

dk(f) =
1

2πi(2n− k)r

(
|z|

R

)2(n−k) ∫

|ζ|=R

Q(ζ)

ζk+1
dζ, 0 ≤ k ≤ n− 1

è ïîñòóïàÿ òàêæå êàê â [13, .286℄, ïîëó÷àåì

f(z)−
n−1∑

k=0

ck(f)z
k −

n−1∑

k=0

dk(f)z
k

=
1

2πi

∫

|ζ|=R

(
z

ζ

)n

Q(ζ)

{
1

nr
+ 2Re

∞∑

k=1

1

(n+ k)r

(
z

ζ

)k
}

dζ

ζ
.

Òàêèì îáðàçîì, ñ íåêîòîðûì ïîëèíîìîì pn−1(z), çàâèñÿùèì îò �óíêöèè

f(z), ñïðàâåäëèâà �îðìóëà

f(z)− pn−1(z)

=
1

2πi

∫

|ζ|=R

(
z

ζ

)n

Q(ζ)

{
1

nr
+ 2Re

∞∑

k=1

1

(n+ k)r

(
z

ζ

)k
}

dζ

ζ
. (2)
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Ïîëàãàÿ â (2) z = ρeit, ζ = Reiθ (0 < ρ < R, 0 ≤ t, τ ≤ 2π) è âûïîëíèâ

çàìåíó θ − t = τ , çàïèøåì (2) â âèäå

f(ρeit)− pn−1(ρe
it)

=
( ρ

R

)n 1

2π

2π∫

0

e−inτQ(Rei(t+τ))

{
1

nr
+ 2

∞∑

k=1

(ρ/R)k

(n+ k)r
cos kτ

}
dτ. (3)

Ëåãêî ïðîâåðèòü, ÷òî ÷èñëîâàÿ ïîñëåäîâàòåëüíîñòü

{( ρ

R

)k 1

(n + k)r

}∞

k=1
ÿâëÿåòñÿ âûïóêëîé âíèç, è å�å îáùèé ÷ëåí ñòðåìèòñÿ ê íóëþ ïðè k → ∞.

Íî òîãäà, â ñèëó ëåììû 2.3 [14, ñ.251℄, �óíêöèÿ

Φn,r(ρ/R, τ) :=
1

nr
+ 2

∞∑

k=1

(ρ/R)k

(n+ k)r
cos kτ

ÿâëÿåòñÿ íåîòðèöàòåëüíîé è èíòåãðèðóåìîé íà îòðåçêå [0, 2π], ïðè÷�åì

1

2π

2π∫

0

Φn,r(ρ/R, τ)dτ =
1

nr
. (4)

Ó÷èòûâàÿ (3), çàïèøåì

En−1(f)Hq,ρ
≤





1

2π

2π∫

0

|f(ρeit)− pn−1(ρe
it)|qdt






1/q

=





1

2π

2π∫

0

∣∣∣∣∣∣

( ρ

R

)n 1

2π

2π∫

0

e−inτQ(Rei(t+τ))Φn,r(ρ/R, τ)dτ

∣∣∣∣∣∣

q

dt





1/q

. (5)

Â ñèëó îáîáù�åííîãî íåðàâåíñòâà Ìèíêîâñêîãî [16, .395℄ ñ ó÷�åòîì (4) èç

(5), ïîëó÷àåì

En−1(f)Hq,ρ

≤
( ρ

R

)n


 1

2π

2π∫

0

|Q(Reit)|qdt




1/q

 1

2π

2π∫

0

|Φn,r(τ)|dτ





=
( ρ

R

)n 1

nr
· ‖Q‖Hq,R

=
( ρ

R

)n 1

nr
· En−1(f

(r)
a )Hq,R

è íåðàâåíñòâî (1) äîêàçàíî.
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Íåïîñðåäñòâåííûì âû÷èñëåíèåì ëåãêî óáåäèòüñÿ, ÷òî íåðàâåíñòâî (1)

äëÿ �óíêöèè f0(z) = azn ∈ H
(r)
q,R,a (a ∈ C, n, r ∈ N, 1 ≤ q ≤ ∞) îáðàùàåòñÿ

â ðàâåíñòâî, ÷åì è çàâåðøàåì äîêàçàòåëüñòâî òåîðåìû 1.

Ë.Â.Òàéêîâ [3℄ äîêàçàë, ÷òî äëÿ ïðîèçâîëüíîé �óíêöèè f ∈ H
(r)
q,a (1 ≤

q ≤ ∞) ïðè ëþáûõ r, n ∈ N èìååò ìåñòî íåðàâåíñòâî

En−1(f)Hq
≤

1

4nr−1

π/n∫

0

ω(f (r)
a , t)Hq

dt. (6)

Òåì æå ìåòîäîì, ÷òî è â [3℄ äëÿ ïðîèçâîëüíîé �óíêöèè f ∈ H
(1)
q,R,a, ïîëó-

÷àåì

En−1(f)Hq,R
≤

1

4

π/n∫

0

ω(f ′
a, t)Hq,R

dt. (7)

Çàìåíÿÿ â (7) �óíêöèþ f íà ïðîèçâîäíóþ f
(r−1)
a , äëÿ ïðîèçâîëüíîé

�óíêöèè f ∈ H
(r)
q,R,a çàïèøåì

En−1(f
(r−1)
a )Hq,R

≤
1

4

π/n∫

0

ω(f (r)
a , t)Hq,R

dt. (8)

Ó÷èòûâàÿ (8), â íåðàâåíñòâå (1) çàìåíÿÿ r íà r−1, r ∈ N, äëÿ ïðîèçâîëüíîé

�óíêöèè f ∈ H
(r)
q,R,a ïîëó÷àåì

En−1(f)Hq,ρ
≤
( ρ

R

)n
·

1

nr−1
En−1(f

(r−1)
a )Hq,R

≤

≤
( ρ

R

)n
·

1

4nr−1

π/n∫

0

ω(f (r)
a , t)Hq,R

dt. (9)

Ïóñòü X � ïðîèçâîëüíîå áàíàõîâî ïðîñòðàíñòâî, Ln ⊂ X � ïîäïðî-

ñòðàíñòâî ðàçìåðíîñòè n, Vn(f)X := V (f,Ln, ·)X � ëèíåéíûé íåïðåðûâíûé

îïåðàòîð, ïåðåâîäÿùèé X â Ln. ×åðåç En(f)X := E(f,Ln)X îáîçíà÷èì

íàèëó÷øåå ïðèáëèæåíèå �óíêöèè f ∈ X ýëåìåíòàìè ïîäïðîñòðàíñòâà Ln

â ìåòðèêå ïðîñòðàíñòâà X , à ÷åðåç E
(
f, Vn(f)

)
X

� óêëîíåíèå �óíêöèè

f ∈ X îò Vn(f)X . Äëÿ ìíîæåñòâà M ⊂ X ïîëàãàåì

E(M,Ln)X = sup {En(f)X : f ∈ M} ,

E (M, V,Ln)X := sup
{
E
(
f, Vn(f)

)
X
: f ∈ M

}
. (10)
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Ïóñòü S � åäèíè÷íûé øàð â X,Ln ⊂ X � ëèíåéíîå ïîäïðîñòðàíñòâî

êîðàçìåðíîñòè n. Äëÿ öåíòðàëüíî-ñèììåòðè÷íîãî êîìïàêòà M ⊂ X âåëè-

÷èíû [14, 17℄

bn (M;X) = sup {sup {ε > 0 : εS ∩ Ln+1 ⊂ M} : Ln+1 ⊂ X} ,

dn (M;X) = inf {E(M,Ln)X : Ln ⊂ X} , (11)

dn (M;X) = inf {sup {‖f‖X : f ∈ M ∩ Ln} : Ln ⊂ X} ,

δn (M;X) = inf {inf {E (M, V,Ln)X : Vn(f)X ⊂ Ln} : Ln ⊂ X}

ñîîòâåòñòâåííî íàçûâàþò áåðíøòåéíîâñêèì, êîëìîãîðîâñêèì, ãåëü�àíäîâ-

ñêèì è ëèíåéíûìè n-ïîïåðå÷íèêàìè.
Åñëè ñóùåñòâóåò ïîäïðîñòðàíñòâî Ln+1 ⊂ X, äëÿ êîòîðîãî

bn(M, X) = sup
{
ε > 0 : εS ∩ Ln+1 ⊂ M

}
,

òî îíî íàçûâàåòñÿ ýêñòðåìàëüíûì äëÿ bn(M, X).
Ïîäïðîñòðàíñòâî L∗

n ⊂ X, íà êîòîðîì íèæíÿÿ ãðàíü â (11) äîñòèãàåòñÿ

è èìååò ìåñòî ðàâåíñòâî

dn(M, X) = E(M,L∗
n)X ,

íàçûâàþò ýêñòðåìàëüíûì ïîäïðîñòðàíñòâîì äëÿ dn(M, X). Ïðè ýòîì L∗
n

ÿâëÿåòñÿ íàèëó÷øèì àïïàðàòîì ïðèáëèæåíèÿ ìíîæåñòâà M â êëàññå âñåõ

ïîäïðîñòðàíñòâ {Ln} ⊂ X. Ïîäïðîñòðàíñòâî Ln
∗ ⊂ X êîðàçìåðíîñòè n,

åñëè îíî ñóùåñòâóåò, òàêîå, ÷òî

dn(M, X) = sup{‖f‖X : f ∈ M ∩ Ln
∗},

íàçûâàþò ýêñòðåìàëüíûì äëÿ dn(M, X). Åñëè ñóùåñòâóåò ëèíåéíûé îïå-

ðàòîð Ṽ : X → L̃n, äëÿ êîòîðîãî δn(M, X) = E (M, Ṽ , L̃n)X , òî åãî íàçûâà-
þò íàèëó÷øèì ëèíåéíûì ìåòîäîì ïðèáëèæåíèÿ ìíîæåñòâàM â ïðîñòðàí-

ñòâå X. Îñîáûé èíòåðåñ ïðåäñòàâëÿåò îòûñêàíèå ïîäïðîñòðàíñòâ L̃n ⊂ X
äëÿ êîòîðûõ

E(M, L̃n)X = E (M, L̃n)X = dn(M, X) = δn(M, X).

Ìåæäó ïåðå÷èñëåííûìè âûøå n-ïîïåðå÷íèêàìè èìåþò ìåñòî ñëåäóþùèå

ñîîòíîøåíèÿ [14, 17℄:

bn(M, X) ≤
dn(M, X)

dn(M, X)
≤ δn(M, X). (12)
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Ïóñòü Φ(x) (x ≥ 0) � ïðîèçâîëüíàÿ âîçðàñòàþùàÿ íåïðåðûâíàÿ �óíê-

öèÿ òàêàÿ, ÷òî Φ(0) = 0. Èñïîëüçóÿ Φ(x) â êà÷åñòâå ìàæîðàíòû, èñõîäÿ

èç ðåçóëüòàòà (9), ðàññìîòðèì êëàññ àíàëèòè÷åñêèõ �óíêöèé

W (r)
a Hq,R(Φ) :=



f ∈ H(r)

q,a :
1

h

h∫

0

ω(f (r)
a , t)Hq,R

dt ≤ Φ(h)



 ,

ãäå r ∈ N, 1 ≤ q ≤ ∞, h ∈ (0, π/n], n ∈ N.

Äëÿ ïðîèçâîëüíîé �óíêöèè f(z) =
∞∑
k=0

ckz
k ∈ A(UR) ïîëîæèì

Ln−1,r−1(f, z) = c0

+
n−1∑

k=1

{
1 +

(
k

2n− k

)r−1
[
αk

(
1−

(
k

2n− k

)2
)

− 1

]( ρ

R

)2(n−k)
}
ckz

k,

(13)

ãäå

αk :=

π/(2n)∫

0

cos kt · cos ntdt. (14)

Èìååò ìåñòî ñëåäóþùàÿ

Ëåììà 1. Ïóñòü f � ïðîèçâîëüíàÿ �óíêöèÿ èç êëàññà H
(r)
q,R,a, r ∈ N,

r ≥ 2, 1 ≤ q ≤ ∞, R ≥ 1. Òîãäà ïðè ëþáûõ 0 < ρ ≤ R è n ∈ N ñïðàâåäëèâî

íåðàâåíñòâî

‖f − Ln−1,r−1(f)‖Hq,ρ
≤
( ρ

R

)n 1

4nr−1

π/n∫

0

ω(f (r)
a , t)Hq,R

dt (15)

è ðàâåíñòâî äîñòèãàåòñÿ äëÿ �óíêöèè f0(z) = zn.

Äîêàçàòåëüñòâî. Ââåä�åì îáîçíà÷åíèÿ

Vn−1,r−1(f, z) =

n−1∑

k=0

λk,n−1ckz
k,

ãäå

λk,n−1 :=






1, åñëè k = 0;

1−

(
k

2n− k

)r−1 ( ρ

R

)2(n−k)

, åñëè k = 1, n− 1.
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Ëåãêî óáåäèòüñÿ, ÷òî äëÿ ïðîèçâîëüíîé �óíêöèè f ∈ H
(r)
q,R,a èìååò ìåñòî

ðàâåíñòâî

f(ρz)− Vn−1,r−1(f, ρz)

=
( ρ

R

)n
·

1

2πir−1

2π∫

0

f (r−1)
a (Rze−it)Φn,r−1

( ρ

R
, t
)
dt, (16)

ãäå �óíêöèÿ Φn,r−1(ρ/R, t) îïðåäåëåíà â ïîñëåäíåé ñòðîêå óðàâíåíèÿ (3).

Äàëåå â êà÷åñòâå ïðîìåæóòî÷íîãî ïðèáëèæåíèÿ �óíêöèè f , ñëåäóÿ
[5, . 343℄, âîñïîëüçóåìñÿ �óíêöèåé

Fu(f, z) :=
π

4u

u∫

0

[f(zeit) + f(ze−it)] cos

(
πt

2u

)
dt.

Â ýòîì ðàâåíñòâå, ïîëàãàÿ u = u∗ := π/(2n) è ðàçëàãàÿ ïîäûíòåãðàëüíóþ

�óíêöèþ f â ñòåïåííîé ðÿäà Òåéëîðà, ïðåäñòàâèì Fu â âèäå

F(f, z) := Fu∗
(f, z)

=
n

2

π/(2n)∫

0

[f(zeit) + f(ze−it)] cos(nt)dt =
∞∑

k=0

αkckz
k, (17)

ãäå êîíñòàíòà αk îïðåäåëåíà â (14).

Ïîëüçóÿñü ðàçëîæåíèåì

f (r−1)
a (z) =

∞∑

k=1

(ik)r−1ckz
k,

èç (17) ïîëó÷àåì

F(f (r−1)
a , z) =

∞∑

k=1

αk(ik)
r−1ckz

k.

Ïîëîæèì

V ∗
n−1,r−1(f, z)

=

n−1∑

k=1

(
1−

(
k

2n− k

)2
)(

k

2n− k

)r−1 ( ρ
R

)2(n−k)

αkckz
k.

Íåïîñðåäñòâåííûì âû÷èñëåíèåì ìîæíî óáåäèòüñÿ â ñïðàâåäëèâîñòè èí-

òåãðàëüíîãî ïðåäñòàâëåíèÿ

V ∗
n−1,r−1(f, ρz)
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=
( ρ

R

)n 1

2πir−1

2π∫

0

Vn−1,2(F(f (r−1)
a ), Rze−it)eintΦn,r−1

( ρ

R
, t
)
dt. (18)

Îáîçíà÷èì

Ln−1,r−1(f, z) := Vn−1,r−1(f, z) + V ∗
n−1,r−1(f, z).

Òîãäà, ó÷èòûâàÿ ðàâåíñòâà (16) è (18), èìååì

f(ρz)− Ln−1,r−1(f, ρz) =
( ρ

R

)n 1

2πir−1

×

2π∫

0

{
f (r)
a (Rze−it)− Vn−1,2(F(f (r−1)

a ), Rze−it)eintΦn,r−1

( ρ

R
, t
)
dt
}
. (19)

Ïðèìåíÿÿ ê ðàçíîñòè (19) îáîáù�åííîå íåðàâåíñòâî Ìèíêîâñêîãî è ó÷èòû-

âàÿ ðàâåíñòâî (4), ïîëó÷àåì

‖f − Ln−1,r−1(f)‖Hq,ρ

≤
( ρ

R

)n 1

nr−1
‖f (r−1)

a − Vn−1,2(F(f (r−1)
a ))‖Hq,R

≤
( ρ

R

)n 1

nr−1

{
‖f (r−1)

a −F(f (r−1)
a )‖Hq,R

+ ‖F(f (r−1)
a )

−Vn−1,2(F(f (r−1)
a ))‖Hq,R

}
. (20)

Îöåíèì êàæäóþ èç íîðì ñëàãàåìûõ â ïðàâîé ÷àñòè ïîñëåäíåãî íåðàâåí-

ñòâà. Â ñèëó [9, .668, �îðìóëà (10), ñëó÷àé µ = 1℄ çàïèøåì îöåíêó ñâåðõó

ïåðâîãî ñëàãàåìîãî

‖f (r−1)
a −F(f (r−1)

a )‖Hq,R
≤

1

2

π/(2n)∫

0

ω(f (r)
a , 2t)Hq,R

(1− sinnt)dt. (21)

Âòîðîå ñëàãàåìîå â (20) îöåíèì êàê è â [5℄, ñ÷èòàÿ, ÷òî F(f
(r−1)
a , z) ÿâëÿåò-

ñÿ àëãåáðàè÷åñêèì ïîëèíîìîì íåêîòîðîé ñòåïåíè m, òî åñòü F(f
(r−1)
a , z) ∈

Pm. Ïîñêîëüêó ìíîæåñòâî Pm âñþäó ïëîòíî â ïðîñòðàíñòâå Hq,R, òî ïðè-

âîäèìûå äàëåå ìàòåìàòè÷åñêèå îïåðàöèè íàä �óíêöèåé F(f
(r−1)
a , z) ÿâëÿ-

þòñÿ êîððåêòíûìè. Èñïîëüçóÿ ðàâåíñòâî (19), ãäå ρ = R è â ëåâîé ÷àñòè

ðàâåíñòâà âìåñòî �óíêöèè f(Rz) ñòîèò F(f
(r−1)
a , Rz), à ïîëèíîìèàëüíûé

îïåðàòîð èìååò âèä Vn−1,2(F(f
(r−1)
a , Rz)), çàïèøåì

F(f (r−1)
a , Rz)− Vn−1,2(F(f (r−1)

a , Rz))
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= −
1

2π

2π∫

0

F (2)
a (f (r−1)

a , Rze−it)Φn,2(1, t)dt. (22)

Ïðèìåíÿÿ ê (22) îáîáù�åííîå íåðàâåíñòâî Ìèíêîâñêîãî è ó÷èòûâàÿ ðàâåí-

ñòâî (4), èìååì ∥∥F(f (r−1)
a )− Vn−1,2(F(f (r−1)

a ))
∥∥
Hq,R

≤
1

n2

∥∥F (2)
a (f (r−1)

a )
∥∥
Hq,R

=
1

n2

∥∥F (1)
a (f (r)

a )
∥∥
Hq,R

. (23)

×òîáû îöåíèòü íîðìó â ïðàâîé ÷àñòè íåðàâåíñòâà (23) â �îðìóëå (17)

âìåñòî �óíêöèè f ïîëàãàÿ f
(r−1)
a , çàïèøåì

F(f (r−1)
a , z) := Fu∗

(f (r−1)
a , z)

=
n

2

π/(2n)∫

0

[
f (r−1)
a (zeit) + f (r−1)

a (ze−it)
]
cos ntdt. (24)

Ïîäñòàâèâ â (24) z = Reiθ è ðàäè óäîáñòâà ââåäÿ îáîçíà÷åíèÿ

f (r−1)
a (Rei(θ+t)) = ϕ(R, θ + t),

f (r−1)
a (Rei(θ−t)) = ϕ(R, θ − t),

F(f (r−1)
a , Reiθ) = F(ϕ, θ),

(25)

ðàâåíñòâî (24) çàïèøåì â âèäå

F(ϕ;R, θ) =
n

2

π/(2n)∫

0

[ϕ(R, θ + t) + ϕ(R, θ − t)] cosntdt. (26)

Äâàæäû ïðîäè��åðåíöèðóÿ îáå ÷àñòè (246) ïî θ, è âûïîëíèâ ïî àíàëîãèè
ñ [5, . 343℄ èíòåãðèðîâàíèå ïî ÷àñòÿì, ïîëó÷èì

F ′′
θ (ϕ;R, θ) =

1

2

π/(2n)∫

0

[ϕ′(R, θ + t)− ϕ′(R, θ − t)] sinntdt.

Îòñþäà

‖F ′′
θ (ϕ;R, ·)‖

q
Hq

=
1

2
·
1

2π

2π∫

0

∣∣∣∣∣∣

π/(2n)∫

0

[ϕ′(R, θ + t)− ϕ′(R, θ − t)] sinntdt

∣∣∣∣∣∣

q

dθ.

ISSN 1560-750X

Ìàòåìàòè÷åñêèå òðóäû, 2024, Òîì 27, � 4, C. 115-140

Mat. Trudy, 2024, V. 27, N. 4, P. 115-140



Øàáîçîâ Ì.Ø., Øàáîçîâà À.À. 127

Ïðèìåíÿÿ ê ïðàâîé ÷àñòè ïîëó÷åííîãî ðàâåíñòâà îáîáù�åííîãî íåðàâåí-

ñòâî Ìèíêîâñêîãî [16, . 395, �îðìóëà (19)℄, ïðèõîäèì ê íåðàâåíñòâó:

‖F ′′
θ (ϕ; θ)‖

q
Hq,R

≤
1

2

π/(2n)∫

0


 1

2π

2π∫

0

∣∣[ϕ′(R, θ + t)− ϕ′(R, θ − t)]
∣∣qdθ


 sin ntdt

≤
1

2

π/(2n)∫

0

ω(ϕ′; 2t)Hq,R
sinntdt. (27)

Âîçâðàùàÿñü ê ïðåæíèì îáîçíà÷åíèÿì (25), çàïèøåì íåðàâåíñòâî (27) â

âèäå: ∥∥F (2)
a (f (r−1)

a )
∥∥
Hq,R

=
∥∥F (1)

a (f (r)
a )
∥∥
Hq,R

≤
1

2

π/(2n)∫

0

ω(f (r)
a ; 2t)Hq,R

sinntdt. (28)

Ó÷èòûâàÿ (28), èç (23) ïîëó÷àåì:

∥∥F(f (r−1)
a )− Vn−1,2(F(f (r−1)

a ))
∥∥
Hq,R

≤
1

2

π/(2n)∫

0

ω(f (r)
a , 2t)Hq,R

sinntdt. (29)

Èç (20), (21) è (29) ïîëó÷àåì òðåáóåìîå íåðàâåíñòâî (15). Íåïîñðåäñòâåí-

íîå âû÷èñëåíèå ïîêàçûâàåò, ÷òî íà �óíêöèè f0(z) = zn ∈ H
(r)
q,R,a íåðàâåí-

ñòâî (15) îáðàùàåòñÿ â ðàâåíñòâî, ýòî è çàâåðøàåò äîêàçàòåëüñòâî ëåììû.

Îáîçíà÷èì

(sin x)∗ := {sin x, åñëè 0 < x ≤ π/2; 1, åñëè x > π/2}. (30)

Òåîðåìà 2. Åñëè ïðè ëþáûõ x ∈ (0, π/2] è n ∈ N ìàæîðàíòà Φ(x)
óäîâëåòâîðÿåò îãðàíè÷åíèþ

Φ(x)

Φ(π/n)
≥

π

nx

{
1− cos(nx/2), åñëè 0 < x ≤ π/n;

1 + (nx− π)/2, åñëè x ≥ π/n
(31)

òî äëÿ ïðîèçâîëüíûõ n, r ∈ N, r ≥ 2, 1 ≤ q ≤ ∞, 0 < ρ ≤ R ñïðàâåäëèâû

ðàâåíñòâà

λn(W
(r)
a Hq,R(Φ), Hq,ρ) =

( ρ

R

)n π

4nr
Φ
(π
n

)
, (32)
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ãäå λn(·) � ëþáîé èç n-ïîïåðå÷íèêîâ bn(·), dn(·), d
n(·) èëè δn(·). Ïðè ýòîì

ëèíåéíûé îïåðàòîð Ln−1,r−1(f), îïðåäåë�åííûé ðàâåíñòâîì (13), ÿâëÿåòñÿ

íàèëó÷øèì ëèíåéíûì ìåòîäîì ïðèáëèæåíèÿ êëàññà W
(r)
a Hq,R(Φ) â ìåòðè-

êå ïðîñòðàíñòâà Hq,ρ.

Äîêàçàòåëüñòâî. Äëÿ ïðîèçâîëüíîé �óíêöèè f ∈ W
(r)
a Hq,R(Φ) èç íåðà-

âåíñòâà (15) ïîëó÷àåì

‖f − Ln−1,r−1(f)‖Hq,ρ
≤
( ρ

R

)n 1

4nr−1

π/n∫

0

ω(f (r)
a , t)Hq,R

dt

=
( ρ

R

)n π

4nr


n

π

π/n∫

0

ω(f (r)
a , t)Hq,R

dt


 ≤

π

4

( ρ
R

)n 1

nr
Φ
(π
n

)
. (33)

Îòñþäà, â ñèëó ñîîòíîøåíèÿ (12), ñëåäóåò îöåíêà ñâåðõó âñåõ âûøåïåðå-

÷èñëåííûõ n-ïîïåðå÷íèêîâ:

λn(W
(r)
a Hq,R(Φ), Hq,ρ) ≤

π

4

( ρ

R

)n 1

nr
Φ
(π
n

)
. (34)

Ñ öåëüþ ïîëó÷åíèÿ àíàëîãè÷íîé îöåíêè ñíèçó áåðíøòåéíîâñêîãî n - ïî-

ïåðå÷íèêà, ââåä�åì â ðàññìîòðåíèè (n + 1)-ìåðíûé øàð ïîëèíîìîâ

Sn+1 :=

{
pn ∈ Pn : ‖pn‖Hq,ρ

≤
π

4

( ρ

R

)n 1

nr
Φ
(π
n

)}

è äîêàæåì, ÷òî Sn+1 ñîäåðæèòñÿ â êëàññå W
(r)
a Hq,R(Φ).

Äàëåå íàì ïîíàäîáèòñÿ ñëåäóþùåå óòâåðæäåíèå

Ëåììà 2. Äëÿ ïðîèçâîëüíîãî ïîëèíîìà pn ∈ Pn, ïðè ëþáûõ n, r ∈ N,

R ≥ 1, 1 ≤ q ≤ ∞ âûïîëíÿåòñÿ íåðàâåíñòâî

‖p(r)n,a‖Hq,R
≤ Rnnr‖pn‖Hq

. (35)

Íåðàâåíñòâî (35) äëÿ ïîëèíîìà qn(z) = bzn, b ∈ C, n ∈ N îáðàùàåòñÿ â

ðàâåíñòâî.

Äîêàçàòåëüñòâî. Ïîñêîëüêó äëÿ pn ∈ Pn:

pn(z) =

n∑

k=0

akz
k, z ∈ UR,
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íà ãðàíèöå îêðóæíîñòè |z| = R

p(r)n,a(Reit) =

n∑

k=1

ak(ik)
rRkeikt =

n∑

k=1

akk
rRkei(kt+πr/2),

òî íåïîñðåäñòâåííîé ïðîâåðêîé ìîæíî óáåäèòüñÿ â ñïðàâåäëèâîñòè ñîîò-

íîøåíèÿ

p(r)n,a(Reit)

=
eiπr/2Rn

2π

2π∫

0

einτpn(e
−i(t−τ))

{
nr + 2

n−1∑

k=1

(n− k)r

Rk
cos kτ

}
dτ. (36)

Ëåãêî ïðîâåðèòü (ñì., íàïðèìåð, [14, ñ. 251. ëåììû 2.3℄), ÷òî �óíêöèÿ

Fn,r(R, τ) = nr +

n−1∑

k=1

(n− k)r

Rk
cos kτ

ÿâëÿåòñÿ íåîòðèöàòåëüíîé è èíòåãðèðóåìîé íà îòðåçêå [0, 2π]. Ïðè ýòîì

1

2π

2π∫

0

Fn,r(R, τ)dτ = nr. (37)

Ïðèìåíÿÿ îáîáùåííîå íåðàâåíñòâà Ìèíêîâñêîãî èç (36) ñ ó÷�åòîì (37), ïî-

ëó÷àåì

‖p(r)n,a‖Hq,R
≤ Rn



 1

2π

2π∫

0

|pn(e
iτ )|qdτ




1/q

 1

2π

2π∫

0

|Fn,r(R, τ)|dτ





= Rnnr‖pn‖Hq
,

è íåðàâåíñòâî (35) äîêàçàíî. Çíàê ðàâåíñòâà â (35) äëÿ ïîëèíîìà qn(z)
ïðîâåðÿåòñÿ íåïîñðåäñòâåííûì âû÷èñëåíèåì. Ëåììà 2 äîêàçàíà.

Õîðîøî èçâåñòíî (ñì., íàïðèìåð, [18℄), ÷òî äëÿ ïðîèçâîëüíîãî ïîëèíî-

ìà pn ∈ Pn ïðè ëþáîì ρ ∈ (0, 1] ñïðàâåäëèâî íåðàâåíñòâî

ρn‖pn‖Hq
≤ ‖pn‖Hq,ρ

, (38)

ïðè÷�åì íåðàâåíñòâî (38) òîæå îáðàùàþòñÿ â ðàâåíñòâî äëÿ âûøåóêàçàí-

íîãî ïîëèíîìà qn(z). Èç (35) è (38) ïîëó÷àåì

‖p(r)n ‖Hq,R
≤

(
R

ρ

)n

nr‖pn‖Hq,ρ
. (39)
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Ó÷èòûâàÿ íåðàâåíñòâî

ω(pn, t)Hq,R
≤ 2

(
sin

nt

2

)

∗

· ‖pn‖Hq,R
, (40)

âûòåêàþùåå èç îäíîãî ðåçóëüòàòà [5, . 345℄ â ñèëó (39) çàïèøåì:

ω(p(r)n,a, t)Hq,R
≤

(
R

ρ

)n

nr · ‖pn‖Hq,ρ
· 2

(
sin

nt

2

)

∗

. (41)

�àññìîòðèì äâà ñëó÷àÿ: à) h ≤ π/n è á) h > π/n.
Â ñëó÷àå à) äëÿ ïðîèçâîëüíîãî ïîëèíîìà pn ∈ Sn+1 â ñèëó (30), (41) è

ïåðâîãî íåðàâåíñòâà èç îãðàíè÷åíèÿ (31) èìååì:

1

h

h∫

0

ω(p(r)n,a, t)Hq,R
dt ≤

(
R

ρ

)n

nr · ‖pn‖Hq,ρ
·
2

h

h∫

0

sin
nt

2
dt

≤
π

nh
· Φ
(π
n

)(
1− cos

nh

2

)
≤ Φ(h). (42)

Â ñëó÷àå á) ñíîâà â ñèëó (30), (41) è âòîðîãî íåðàâåíñòâà èç îãðàíè÷å-

íèÿ (31) ïîëó÷àåì

1

h

h∫

0

ω(p(r)n,a, t)Hq,R
dt ≤

(
R

ρ

)n

nr · ‖pn‖Hq,ρ
·
2

h






π/n∫

0

sin
nt

2
dt +

h∫

π/n

dt






=
π

nh
· Φ
(π
n

){
1 + (nh− π)/2

}
≤ Φ(h). (43)

Èç íåðàâåíñòâ (42) è (43) ñëåäóåò âêëþ÷åíèå Sn+1 ∈ W
(r)
a Hq,R(Φ), à ïîòîìó,

ñîãëàñíî îïðåäåëåíèþ áåðíøòåéíîâñêîãî n-ïîïåðå÷íèêà, ïîëó÷àåì

bn(W
(r)
a Hq,R(Φ), Hq,ρ) ≥ bn(Sn+1, Hq,ρ) ≥

π

4

( ρ

R

)n 1

nr
Φ
(π
n

)
. (44)

Ñîïîñòàâëÿÿ íåðàâåíñòâà (34), (44) è (12), ïîëó÷àåì òðåáóåìûå ðàâåí-

ñòâà (32). Òàê êàê äëÿ �óíêöèè

g(z) =
π

4
·
R−n

nr
Φ
(π
n

)
zn, (45)

Ln−1,r−1(g) ≡ 0, ‖g‖Hq,ρ
=

π

4

( ρ

R

)n 1

nr
Φ
(π
n

)
,
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òî �óíêöèÿ g ∈ Sn+1, à ïîòîìó g ∈ W
(r)
a Hq,R(Φ). Ïîñêîëüêó

sup
{
‖f − Ln−1,r−1(f)‖Hq,ρ

: f ∈ W (r)
a Hq,R(Φ)

}

= ‖g − Ln−1,r−1(g)‖Hq,ρ
= ‖g‖Hq,ρ

=
π

4

( ρ

R

)n 1

nr
Φ
(π
n

)
,

òîLn−1,r−1(f) ÿâëÿåòñÿ íàèëó÷øèì ëèíåéíûì ìåòîäîì ïðèáëèæåíèÿ êëàñ-

ñà W
(r)
a Hq,R(Φ) â ìåòðèêå ïðîñòðàíñòâà Hq,ρ. Òåîðåìà 2 äîêàçàíà.

Íàì îñòàåòñÿ óêàçàòü êîíêðåòíóþ �óíêöèþ Φ äëÿ êîòîðîé îãðàíè÷å-

íèÿ (31) âûïîëíÿþòñÿ.

Òåîðåìà 3. Ìíîæåñòâî ìàæîðàíòΦ, óäîâëåòâîðÿþùèõ óñëîâèþ (31),

íå ïóñòî.

Äîêàçàòåëüñòâî. �àññìîòðèì, íàïðèìåð, �óíêöèþ Φ∗(u) = uα
, ãäå α =

π

2
− 1. Îãðàíè÷åíèÿ (31), âûïîëíåíèå êîòîðûõ òðåáóåòñÿ äîêàçàòü äëÿ

�óíêöèè Φ∗, â ðàññìàòðèâàåìîì íàìè ñëó÷àå èìåþò âèä

(nx
π

)α
≥

π

nx





1− cos

nx

2
, åñëè 0 ≤ nx ≤ π;

1 + (nx− π)/2, åñëè nx ≥ π.
(46)

Ïîëàãàÿ â (46) nx = µπ (0 ≤ µ < ∞), ïîëó÷àåì

µα+1 ≥





1− cos
µπ

2
, åñëè 0 ≤ µ ≤ 1;

1 + (µ− 1)π/2, åñëè µ ≥ 1.
(47)

Ïóñòü 0 ≤ µ ≤ 1. �àññìîòðèì âñïîìîãàòåëüíóþ �óíêöèþ

ϕ(µ) := µα+1 −
(
1− cos

µπ

2

)
. (48)

Â áåñêîíå÷íî ìàëîé îêðåñòíîñòè íóëÿ èìååì

ϕ(µ) ≥ µα+1

(
1−

π2

8
µ1−α

)
(49)

è òàê êàê 1− α = 2 −
π

2
> 0, òî ïðè µ → 0+, ϕ(µ) → 0, îòêóäà è ñëåäóåò,

÷òî ϕ(µ) ≥ 0. Êðîìå òîãî, èç (48) ïîëó÷àåì ϕ(0) = ϕ(1) = 0. Ïîêàæåì, ÷òî
íà èíòåðâàëå (0, 1) �óíêöèÿ (48) çíàêîïîñòîÿííà.

�àññóæäàÿ îò ïðîòèâíîãî, ïîëàãàåì, ÷òî ñóùåñòâóåò òî÷êà η ∈ (0, 1), â
êîòîðîé �óíêöèÿ ϕ ìåíÿåò çíàê. Ïî òåîðåìå �îëëÿ ïðîèçâîäíàÿ

ϕ′(µ) = (α + 1)µα −
π

2
sin

µπ

2
=

π

2

(
µα − sin

µπ

2

)
(50)
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äîëæíà èìåòü íà èíòåðâàëå (0, 1) íå ìåíåå äâóõ ðàçëè÷íûõ íóëåé. Òàê êàê
ϕ′(0) = ϕ′(1) = 0, òî âòîðàÿ ïðîèçâîäíàÿ

ϕ′′(µ) = (α + 1)αµα−1 −
(π
2

)2
cos

µπ

2
(51)

íà îñíîâàíèè òåîðåìû �îëëÿ äîëæíà èìåòü íà (0, 1) íå ìåíåå òð�åõ ðàç-

ëè÷íûõ íóëåé. Íî êàê ñëåäóåò èç (51) íà èíòåðâàëå (0, 1) �óíêöèÿ ϕ′′

ÿâëÿåòñÿ ðàçíîñòüþ äâóõ ïîëîæèòåëüíûõ �óíêöèé, îäíà èç êîòîðûõ ìî-

íîòîííî óáûâàåò è âûïóêëà âíèç, à äðóãàÿ ìîíîòîííî óáûâàåò è âûïóêëà

ââåðõ. Èç ãåîìåòðè÷åñêèõ ñîîáðàæåíèé ÿñíî, ÷òî ϕ′′
ìîæåò èìåòü íà (0, 1)

íå áîëåå äâóõ ðàçëè÷íûõ íóëåé. Ïîëó÷åííîå ïðîòèâîðå÷èå îçíà÷àåò, ÷òî

ϕ(µ) > 0 äëÿ âñåõ µ ∈ (0, 1).
Ïóñòü òåïåðü 1 ≤ µ < ∞. Òîãäà íà îñíîâàíèè âòîðîãî íåðàâåíñòâà èç

(47) ðàññìîòðèì �óíêöèþ

ϕ1(µ) := µα+1 − 1− (µ− 1)π/2. (52)

Èç (52) ïîëó÷èì

ϕ′
1(µ) = (α + 1)µα − π/2 =

π

2
(µα − 1).

Îòñþäà ñëåäóåò, ÷òî ϕ′
1(µ) ≥ 0 íà ïîëóîñè [1,+∞). Ïîñêîëüêó, êàê ñëåäóåò

èç (52), ϕ1(1) = 0, òî ϕ1(µ) ≥ 0 íà ïîëóîñè [1,+∞). Ïîëó÷åííîå îçíà÷àåò,
÷òî íåðàâåíñòâî (47), à çíà÷èò è óñëîâèÿ (31), ñïðàâåäëèâû äëÿ �óíêöèè

Φ∗ ïðè ëþáîì µ ∈ (0,∞). Òåîðåìà 3 äîêàçàíà.

Òåîðåìà 4. Ïóñòü R ≥ 1, 1 ≤ q < ∞, r ∈ N, r ≥ 2 è ìàæîðàíòà Φ
óäîâëåòâîðÿåò îãðàíè÷åíèÿì (31). Òîãäà äëÿ ëþáîãî n ∈ N èìåþò ìåñòî

ðàâåíñòâà

bn(W
(r)
a Hq,R(Φ);Bq,γ) = bn(W

(r)
a Hq,R(Φ);Lq,γ)

= dn(W (r)
a Hq,R(Φ);Bq,γ) = dn(W (r)

a Hq,R(Φ);Lq,γ)

= dn(W
(r)
a Hq,R(Φ);Lq,γ) = δn(W

(r)
a Hq,R(Φ);Lq,γ)

= E(W (r)
a Hq,R(Φ))Lq,γ

= E(W (r)
a Hq,R(Φ))Lq,γ

= sup
{
‖f − Ln−1,r−1(f)‖Lq,γ

: f ∈ W (r)
a Hq,R(Φ)

}

=
π

4
·
R−n

nr
· Φ
(π
n

)



1∫

0

ρnq+1γ(ρ)dρ




1/q

. (53)

Ïðè ýòîì: 1) ïîäïðîñòðàíñòâî

L∗
n := span

{
1;

{
R2(n−k) +

(
k

2n− k

)r−1
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×

[
αk

(
1−

(
k

2n− k

)2
)

− 1

]
ρ2(n−k)

}n−1

k=1



 ,

ÿâëÿåòñÿ ýêñòðåìàëüíûì äëÿ n-ïîïåðå÷íèêîâ dn(·) è δn(·) êëàññàW
(r)
a Hq,ρ(Φ)

â ïðîñòðàíñòâå Lq,γ;

2) íåïðåðûâíûé ëèíåéíûé îïåðàòîð Ln−1,r−1(f), îïðåäåë�åííûé ðàâåí-

ñòâîì (13), ÿâëÿåòñÿ íàèëó÷øèì äëÿ êëàññà W
(r)
a Hq,R(Φ) ëèíåéíûì ìåòî-

äîì ïðèáëèæåíèÿ â ïðîñòðàíñòâå Lq,γ;

3) ïîäïðîñòðàíñòâî

Ln
∗ := {f ∈ Bq,γ : f (k)(0) = 0, k = 0, n− 1}

ÿâëÿåòñÿ ýêñòðåìàëüíûì äëÿ ãåëü�àíäîâñêîãî n-ïîïåðå÷íèêà;
4) ýêñòðåìàëüíûì äëÿ áåðíøòåéíîâñêîãî n-ïîïåðå÷íèêà bn(·) ÿâëÿåòñÿ

ïîäïðîñòðàíñòâî

Pn := span{1, z, z2, . . . , zn}.

Äîêàçàòåëüñòâî. Â ñèëó ïðèíÿòûõ â ïåðâîì ïóíêòå îáîçíà÷åíèé, èìå-

åì

‖f − Ln−1,r−1(f)‖Hq,ρ
= Mq(f − Ln−1,r−1(f), ρ),

ïîëüçóÿñü êîòîðûì, íåðàâåíñòâî (33) çàïèøåì â âèäå

Mq(f − Ln−1,r−1(f), ρ) ≤
( ρ

R

)n π

4
·
1

nr
Φ
(π
n

)
. (54)

Âîçâåäÿ îáå ÷àñòè íåðàâåíñòâà (54) â ñòåïåíü q (1 ≤ q < ∞), óìíîæàÿ
íà ργ(ρ) è ïðîèíòåãðèðîâàâ ïîëó÷åííîå ñîîòíîøåíèå ïî ρ íà îòðåçêå [0, 1],
ïîëó÷àåì 


1∫

0

ργ(ρ)M q
q (f − Ln−1,r−1(f), ρ)dρ




1/q

≤
π

4
·
R−n

nr
Φ
(π
n

)



1∫

0

ρnq+1γ(ρ)dρ




1/q

,

èëè ÷òî òî æå

‖f − Ln−1,r−1(f)‖Lq,γ
≤

π

4

R−n

nr
Φ
(π
n

)



1∫

0

ρnq+1γ(ρ)dρ




1/q

, (55)

ïðè÷�åì ëåãêî ïðîâåðèòü, ÷òî íåðàâåíñòâî (55) îáðàùàåòñÿ â ðàâåíñòâî äëÿ

ðàíåå ðàññìîòðåííîé íàìè �óíêöèè g(z) =
π

4
·
R−n

nr
Φ
(π
n

)
zn ∈ W

(r)
a Hq,R(Φ).
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Ýòî îçíà÷àåò, ÷òî ëèíåéíûé îïåðàòîð Ln−1,r−1(f) ÿâëÿåòñÿ íàèëó÷øèì

ëèíåéíûì ìåòîäîì ïðèáëèæåíèÿ êëàññà W
(r)
a Hq,R(Φ) â ìåòðèêå ïðîñòðàí-

ñòâà Lq,γ. Ó÷èòûâàÿ ñîîòíîøåíèÿ (12) è íåðàâåíñòâî (55), ïîëó÷àåì

λn(W
(r)
a Hq,R(Φ);Lq,γ) ≤ δn(W

(r)
a Hq,R(Φ);Lq,γ)

≤ E(W (r)
a Hq,R(Φ);Ln−1,r−1(f))Lq,γ

= sup
{
‖f − Ln−1,r−1(f)‖Lq,γ

: f ∈ W (r)
a Hq,R(Φ)

}
= ‖g‖Lq,γ

=
π

4
·
R−n

nr
· Φ
(π
n

)



1∫

0

ρnq+1γ(ρ)dρ




1/q

, (56)

ãäå ïîä λn(·) ïîäðàçóìåâàåòñÿ ëþáîé èç n-ïîïåðå÷íèêîâ bn(·), dn(·) èëè
dn(·). Ïðè ýòîì ñëåäóåò ó÷åñòü, ÷òî

dn(W
(r)
a Hq,R(Φ);Lq,γ) ≤ E(W (r)

a Hq,R(Φ);L
∗
n)Lq,γ

≤ E(W (r)
a Hq,R(Φ);Ln−1,r−1(f))Lq,γ

. (57)

Íàäî òàêæå ó÷èòûâàòü õîðîøî èçâåñòíûé �àêò (ñì., íàïðèìåð, [14, ãë.

II, �3, ïðåäëîæåíèå 3.2℄), ÷òî åñëè X è Y � ëèíåéíûå íîðìèðîâàííûå

ïðîñòðàíñòâà è X ÿâëÿåòñÿ ïîäïðîñòðàíñòâîì Y , òî

dn(A,X) = dn(A, Y ),

ãäå A ⊂ X . Â ñèëó ýòîãî çàïèøåì

dn(W (r)
a Hq,R(Φ);Lq,γ) = dn(W (r)

a Hq,R(Φ);Bq,γ). (58)

Èñïîëüçóÿ îïðåäåëåíèå áåðíøòåéíîâñêîãî n-ïîïåðå÷íèêà êëàññàW
(r)
a Hq,R(Φ)

äîêàæåì, ÷òî (n+ 1)-ìåðíàÿ ñ�åðà ïîëèíîìîâ

σn+1 :=




pn ∈ Pn : ‖pn‖Bq,γ

=
π

4

R−n

nr
Φ
(π
n

)



1∫

0

ρnq+1γ(ρ)dρ




1/q




ïðèíàäëåæèò êëàññó W
(r)
a Hq,R(Φ). Äëÿ ýòîãî çàïèøåì íåðàâåíñòâî (38) â

âèäå

ρn‖pn‖Hq
≤ Mq(pn, ρ)

è âîçâåä�åì îáå ÷àñòè ïîëó÷åííîãî íåðàâåíñòâà â ñòåïåíü q (1 ≤ q < ∞), à
çàòåì óìíîæèì íà ργ(ρ) è, èíòåãðèðóÿ ïî ρ íà îòðåçêå [0, 1], ïîëó÷àåì




1∫

0

ρnq+1γ(ρ)dρ




1/q

· ‖pn‖Hq
≤ ‖pn‖Bq,γ

,
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îòêóäà

‖pn‖Hq
≤




1∫

0

ρnq+1γ(ρ)dρ




−1/q

‖pn‖Bq,γ
. (59)

Ó÷èòûâàÿ (59) èç íåðàâåíñòâà (35), ïîëó÷àåì

‖p(r)n,a‖Hq
≤ Rnnr




1∫

0

ρnq+1γ(ρ)dρ




−1/q

‖pn‖Bq,γ

è â ñèëó (40) áóäåì èìåòü

ω(p(r)n,a, t)Hq,R
≤ Rnnr




1∫

0

ρnq+1γ(ρ)dρ




−1/q

‖pn‖Bq,γ
· 2

(
sin

nt

2

)

∗

.

Îòñþäà, äëÿ ïðîèçâîëüíîãî ïîëèíîìà pn ∈ σn+1 ñ ó÷�åòîì îãðàíè÷åíèÿ

(31), êàê è â òåîðåìå 2, ïðè h ≤ π/n ïîëó÷àåì

1

h

h∫

0

ω(p(r)n,a, t)Hq,R
dt

≤ Rnnr · ‖pn‖Bq,γ




1∫

0

ρnq+1γ(ρ)dρ




−1/q

2

h

h∫

0

sin
nt

2
dt

≤
π

nh
Φ
(π
n

)(
1− cos

nh

2

)
≤ Φ(h). (60)

Åñëè æå h ≥ π/n, èç (60) è âòîðîãî íåðàâåíñòâà (31) èìååì

1

h

h∫

0

ω(p(r)n,a, t)Hq,R
dt

≤ Rnnr




1∫

0

γnq+1γ(ρ)dρ




−1/q

‖pn‖Bq,γ

2

h





π/n∫

0

sin
nt

2
dt+

h∫

π/n

dt





≤
π

nh
Φ
(π
n

){
1 + (nh− π)/2

}
≤ Φ(h). (61)
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Âêëþ÷åíèå σn+1 ⊂ W
(r)
a Hq,R(Φ) ñëåäóåò èç íåðàâåíñòâ (60) è (61) è â ñèëó

îïðåäåëåíèÿ áåðíøòåéíîâñêîãî n-ïîïåðå÷íèêà çàïèøåì îöåíêó ñíèçó

bn(W
(r)
a Hq,R(Φ);Bq,γ) ≥ bn(σn+1;Bq,γ)

≥
π

4
·
R−n

nr
· Φ
(π
n

)



1∫

0

ρnq+1γ(ρ)dρ




1/q

. (62)

Ñîïîñòàâëÿÿ ñîîòíîøåíèÿ (56) � (58) è (62), ïîëó÷àåì òðåáóåìûå ðàâåí-

ñòâà (53). Ïðè ýòîì, êàê ñëåäóåò èç âûøåïðèâåäåííîãî äîêàçàòåëüñòâà,

ïîäïðîñòðàíñòâî L∗
n ÿâëÿåòñÿ ýêñòðåìàëüíûì äëÿ êîëìîãîðîâñêîãî è ëè-

íåéíîãî n-ïîïåðå÷íèêîâ êëàññà W
(r)
a Hq,R(Φ) â ïðîñòðàíñòâå Lq,γ, à ïîä-

ïðîñòðàíñòâî Pn � ýêñòðåìàëüíîå äëÿ áåðíøòåéíîâñêîãî n-ïîïåðå÷íèêà
bn(W

(r)
a Hq,R(Φ),Bq,γ). Ëèíåéíûé íåïðåðûâíûé îïåðàòîð Ln−1,r−1(f) áóäåò

íàèëó÷øèì ëèíåéíûì ìåòîäîì ïðèáëèæåíèÿ êëàññà W
(r)
a Hq,R(Φ) â ïðî-

ñòðàíñòâå Lq,γ.

Äàëåå äëÿ ïðîèçâîëüíîãî ýëåìåíòà f ∈ W
(r)
a Hq,R(Φ) ∩ L∗

n ïîëüçóÿñü

íåðàâåíñòâàìè (18), (19) è ñîîòíîøåíèé

ck(f) =
f (k)(0)

k!
= 0, k = 0, n− 1

â ñèëó îïðåäåëåíèÿ ãåëü�àíäîâñêîãî n-ïîïåðå÷íèêà çàïèøåì

dn(W (r)
a Hq,R(Φ),Bq,γ)

≤ sup
{
‖f‖Bq,γ

: f ∈ W (r)
a Hq,R(Φ) ∩ L∗

n

}
= ‖g‖Lq,γ

=
π

4
·
R−n

nr
· Φ
(π
n

)



1∫

0

ρnq+1γ(ρ)dρ




1/q

, (63)

ãäå �óíêöèÿ g îïðåäåëåíà â (45). Ñîïîñòàâëÿÿ íåðàâåíñòâà (62) è (63), ñ

ó÷�åòîì ñîîòíîøåíèÿ (12), çàêëþ÷àåì, ÷òî ïîäïðîñòðàíñòâî Ln
∗ êîðàçìåð-

íîñòè n áóäåò ýêñòðåìàëüíûì äëÿ ãåëü�àíäîâñêîãî n-ïîïåðå÷íèêà. Òåîðå-
ìà 4 äîêàçàíà.
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