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Àííîòàöèÿ

Â ñòàòüå èññëåäóåòñÿ ñìåøàííàÿ êðàåâàÿ çàäà÷à äëÿ ïñåâäîãèïåðáîëè-

÷åñêîãî óðàâíåíèÿ â ÷åòâåðòè ïðîñòðàíñòâà. Ýòî óðàâíåíèå îòíîñèòñÿ

ê êëàññó óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîäíûìè, íå ðàçðåøåííûõ îòíî-

ñèòåëüíî ñòàðøåé ïðîèçâîäíîé ïî âðåìåíè. Óñòàíàâëèâàþòñÿ äîñòàòî÷-

íûå óñëîâèÿ íà ïðàâóþ ÷àñòü ðàññìàòðèâàåìîãî óðàâíåíèÿ, îáåñïå÷è-

âàþùèå ðàçðåøèìîñòü ñìåøàííîé çàäà÷è â ñîáîëåâñêèõ ïðîñòðàíñòâàõ

ñ ýêñïîíåíöèàëüíûì âåñîì.
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Abstra
t

An initial-boundary value problem for a pseudohyperboli
 equation in a

quarter-spa
e is studied in this arti
le. This equation belongs to a 
lass of

partial di�erential equations not solvable with respe
t to the highest-order

time-derivative. We obtain su�
ient 
onditions for the right-hand side of the

given equation under whi
h the initial-boundary value problem is solvable

in Sobolev spa
es with an exponential weight.
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� 1. Ââåäåíèå è ïîñòàíîâêà çàäà÷è

Â ñòàòüå ðàññìàòðèâàåòñÿ äè��åðåíöèàëüíîå óðàâíåíèå â ÷åòâåðòè

ïðîñòðàíñòâà R
n+1
++ = {t > 0, x′ ∈ Rn−1, xn > 0}

(εI−∆)D2
tu+∆2u = f(t, x), (1)

ãäå ∆ � îïåðàòîð Ëàïëàñà ïî ïðîñòðàíñòâåííûì ïåðåìåííûì x, I � òîæ-

äåñòâåííûé îïåðàòîð, ε > 0. Ýòî óðàâíåíèå ÿâëÿåòñÿ óðàâíåíèåì, íå ðàçðå-
øåííûì îòíîñèòåëüíî ñòàðøåé ïðîèçâîäíîé ïî âðåìåíè. Óðàâíåíèÿ âèäà

(1) â ëèòåðàòóðå ÷àñòî íàçûâàþò óðàâíåíèÿìè ñîáîëåâñêîãî òèïà, òàê êàê
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èìåííî ðàáîòû Ñ.Ë. Ñîáîëåâà [1℄ ïîëîæèëè íà÷àëî ñèñòåìàòè÷åñêîìó èñ-

ñëåäîâàíèþ ïîäîáíîãî òèïà óðàâíåíèé. Ñëåäóåò îòìåòèòü, ïðè îäíîé ïðî-

ñòðàíñòâåíííîé ïåðåìåííîé óðàâíåíèå (1) âîçíèêàåò ïðè ìîäåëèðîâàíèè

êðóòèëüíûõ êîëåáàíèé óïðóãèõ ñòåðæíåé [2, 3℄, â ëèòåðàòóðå çàêðåïèëîñü

íàçâàíèå äëÿ íåãî, êàê óðàâíåíèå Âëàñîâà.

Âïåðâûå êëàññè�èêàöèÿ ëèíåéíûõ óðàâíåíèé, íå ðàçðåøåííûõ îòíîñè-

òåëüíî ñòàðøåé ïðîèçâîäíîé áûëà ââåäåíà â ìîíîãðà�èè [4℄. Â ÷àñòíîñòè,

áûë ââåä¼í êëàññ ïñåâäîãèïåðáîëè÷åñêèõ äè��åðåíöèàëüíûõ óðàâíåíèé

è äëÿ íèõ áûëà èçó÷åíà çàäà÷à Êîøè. Ýòè èññëåäîâàíèÿ áûëè ïðîäîëæå-

íû â ðàáîòàõ [5, 6, 7, 8℄. Òåîðèÿ êðàåâûõ çàäà÷ äëÿ ïñåâäîãèïåðáîëè÷åñêèõ

óðàâíåíèé, â îòëè÷èå îò êëàññè÷åñêèõ ãèïåðáîëè÷åñêèõ óðàâíåíèé, òîëü-

êî íà÷èíàåò ðàçâèâàòüñÿ. Íà ñåãîäíÿøíèé äåíü åñòü ðÿä ðåçóëüòàòîâ ïî

êîíêðåòíûì ïîñòàíîâêàì çàäà÷ (ñì., íàïðèìåð, [9, 10℄).

Â ðàìêàõ äàííîé ðàáîòû ïðîäîëæàåòñÿ èçó÷åíèå ñìåøàííûõ êðàåâûõ

çàäà÷ äëÿ êëàññà ïñåâäîãèïåðáîëè÷åñêèõ óðàâíåíèé, íà÷àòûõ â [11, 12℄.

�àññìàòðèâàåòñÿ ñìåøàííàÿ çàäà÷à â ÷åòâåðòè ïðîñòðàíñòâà

(εI−∆)D2
tu+∆2u = f(t, x), ε > 0,

x = (x′, xn) x′ ∈ R
n−1, xn > 0, t > 0,

u|t=0 = 0, Dtu|t=0 = 0,

u|xn=0 = 0, Dxn
u|xn=0 = 0.

(2)

Äëÿ íå¼ áóäåò äîêàçàíà îäíîçíà÷íàÿ ðàçðåøèìîñòü â àíèçîòðîïíîì âåñî-

âîì ñîáîëåâñêîì ïðîñòðàíñòâå W
2,4
2,γ (R

n+1
++ ).

� 2. Ïîëó÷åííûé ðåçóëüòàò

Ïðåæäå ÷åì ïåðåéòè ê èçëîæåíèþ îñíîâíîãî ðåçóëüòàòà, òðåáóåòñÿ

ââåñòè ðÿä âñïîìîãàòåëüíûõ îïðåäåëåíèé, êîòîðûå áóäóò èñïîëüçîâàíû

â äàëüíåéøåì.

Ïóñòü G ⊆ Rn+1
è r = (r1, . . . , rn), ri ∈ N, i = 1, . . . , n. Íèæå ïðèâå-

äåì îïðåäåëåíèå àíèçîòðîïíîãî ñîáîëåâñêîãî ïðîñòðàíñòâà W
l,r
2 (G) (ñì.,

íàïðèìåð, [13℄).

Îïðåäåëåíèå 1. Ôóíêöèÿ u(t, x) ïðèíàäëåæèò àíèçîòðîïíîìó

ñîáîëåâñêîìó ïðîñòðàíñòâóW
l,r
2 (G), åñëè ñóùåñòâóþò îáîáù¼ííûå ïðîèç-

âîäíûå Dα0

t D
α
xu(t, x), α = (α1, . . . , αn) â îáëàñòè G ïðè

α0

l
+

n∑

i=1

αi

ri
≤ 1,
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è Dα0

t D
α
xu(t, x) ∈ L2(G). Íîðìà â W

l,r
2 (G) èìååò âèä

∥∥u(t, x),W l,r
2 (G)

∥∥ =
∑

α0/l+
n∑

i=1

αi/ri≤1

∥∥Dα0

t D
α
xu(t, x), L2(G)

∥∥.

Îïðåäåëåíèå 2. Ôóíêöèÿ u(t, x) ïðèíàäëåæèò ñîáîëåâñêîìó ïðîñ-

òðàíñòâó W
l,r
2,γ(G) ñ ýêñïîíåíöèàëüíûì âåñîì e−γt

, γ > 0, åñëè �óíêöèÿ

e−γtu(t, x) ïðèíàäëåæèò ïðîñòðàíñòâó W l,r
2 (G). Íîðìà âW l,r

2,γ(G) èìååò âèä

∥∥u(t, x),W l,r
2,γ(G)

∥∥ =
∥∥e−γtu(t, x),W l,r

2 (G)
∥∥.

Â ñëó÷àå åñëè l = 0 íîðìà â ñîáîëåâñêîì ïðîñòðàíñòâå W
0,r
2,γ (G) èìååò âèä

∥∥u(t, x),W 0,r
2,γ (G)

∥∥ =
∑

n∑

i=1

αi/ri≤1

∥∥Dα
xu(t, x), L2(G)

∥∥.

Â ïðîñòðàíñòâå W
l,0
2,γ(G) íîðìà çàäàåòñÿ ñëåäóþùèì îáðàçîì

∥∥u(t, x),W l,0
2,γ(G)

∥∥ =
∑

α0≤l

∥∥Dα0

t u(t, x), L2(G)
∥∥.

Ñ�îðìóëèðóåì óñëîâèå Ëîïàòèíñêîãî äëÿ çàäà÷è (2). Äëÿ ýòîãî ðàñ-

ñìîòðèì êðàåâóþ çàäà÷ó íà ïîëóïðÿìîé äëÿ îáûêíîâåííîãî äè��åðåíöè-

àëüíîãî óðàâíåíèÿ ñ ïàðàìåòðîì τ ∈ C+ = {τ ∈ C : Reτ > 0} è ïàðàìåò-

ðîì ξ′ ∈ Rn−1
:

L(τ, iξ′, Dxn
)v = 0, xn > 0,

v|xn=0 = ψ1, Dxn
v|xn=0 = ψ2,

v ∈ W 4
2 (R+),

(3)

ãäå L(τ, iξ′, Dxn
) = τ 2

(
ε+ |ξ′|2 −D2

xn

)
+
(
|ξ′|4 − 2|ξ′|2D2

xn
+D4

xn

)
, ε > 0.

Îïðåäåëåíèå 3. Ñìåøàííàÿ çàäà÷à (2) óäîâëåòâîðÿåò óñëîâèþ

Ëîïàòèíñêîãî, åñëè êðàåâàÿ çàäà÷à (3) îäíîçíà÷íî ðàçðåøèìà ïðè ëþáûõ

ψ1, ψ2.

Íàïîìíèì óñëîâèÿ îäíîçíà÷íîé ðàçðåøèìîñòè çàäà÷è (3). Íåòðóäíî

óáåäèòüñÿ â òîì, ÷òî õàðàêòåðåñòè÷åñêîå óðàâíåíèå äëÿ äè��åðåíöèàëü-

íîãî îïåðàòîðà L(τ, iξ′, Dxn
) èìåþùåå âèä

L(τ, iξ′, λ) = τ 2
(
ε+ |ξ′|2 − λ2

)
+
(
|ξ′|4 − 2|ξ′|2λ2 + λ4

)
, (4)

íå èìååò êîðíåé íà ìíèìîé îñè. Îáîçíà÷èì ÷åðåç λ−1 (τ, ξ
′) è λ−2 (τ, ξ

′) êîð-
íè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ (4), ëåæàùèå â ëåâîé ïîëóïëîñêîñòè,

λ+1 (τ, ξ
′) è λ+2 (τ, ξ

′) êîðíè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ (4), ëåæàùèå â
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ïðàâîé ïîëóïëîñêîñòè. Ïîñêîëüêó â ëåâîé ïîëóïëîñêîñòè ëåæàò äâà êîð-

íÿ óðàâíåíèÿ (4), òî, î÷åâèäíî, ÷òî óñëîâèå Ëîïàòèíñêîãî äëÿ çàäà÷è (2)

âûïîëíÿåòñÿ. Ñëåäîâàòåëüíî, êðàåâàÿ çàäà÷à (3) îäíîçíà÷íî ðàçðåøèìà.

Òåîðåìà. Ïóñòü γ0 > 0, ÷òî äëÿ ëþáîé f(t, x) èç ïðîñòðàíñòâà
W

2,2,0
2,γ (Rn+1

++ ), γ > γ0 òàêîé, ÷òî f(t, x)|t=0 = Dtf(t, x)|t=0 = 0, òîãäà çàäà÷à

(2) îäíîçíà÷íî ðàçðåøèìà â ïðîñòðàíñòâå �óíêöèé W
2,4
2,γ (R

n+1
++ ) òàêèõ, ÷òî

D2
tD

2
xi
u(t, x) ∈ L2,γ(R

n+1
++ ), i = 1, . . . , n, è äëÿ ðåøåíèÿ u(t, x) ñïðàâåäëèâà

îöåíêà:

∥∥u(t, x),W 2,4
2,γ (R

n+1
++ )

∥∥+
n∑

i=1

∥∥D2
tD

2
xi
u(t, x), L2,γ(R

n+1
++ )

∥∥

≤ c(γ0)
∥∥f(t, x),W 2,2,0

2,γ (Rn+1
++ )

∥∥,

ãäå êîíñòàíòà c(γ0) íå çàâèñèò îò f(t, x).
Ïðè äîêàçàòåëüñòâå òåîðåìû áóäåò èñïîëüçîâàíà îáîáùåííàÿ òåîðåìà

Ïýëè-Âèíåðà [4, 14℄.

Ïðåäïîëîæèì, ÷òî �óíêöèÿ w(τ, x) äëÿ ïî÷òè âñåõ x ∈ Rn
+ ïðèíàäëå-

æèò L̃2(C
+
γ ), C

+
γ = {τ ∈ C : Reτ > γ}, òî åñòü

à) äëÿ ïî÷òè âñåõ x ∈ Rn
+ �óíêöèÿ w(τ, x) � àíàëèòè÷åñêàÿ â C+

γ ;

á) sup
σ>γ

∫

R

∫

Rn
+

|w(iη + σ, x)|2 dx dη <∞.

Ââåäåì â äàííîì ïðîñòðàíñòâå íîðìó

sup
σ>γ



∫

R

∫

Rn
+

|w(iη + σ, x)|2 dx dη




1/2

.

Â äàëüíåéøåì ïîëó÷åííîå ëèíåéíîå íîðìèðîâàííîå ïðîñòðàíñòâî áóäåì

îáîçíà÷àòü L̃2(C
+
γ ×Rn

+). �àññìîòðèì ìíîæåñòâî �óíêöèé w(τ, x′, xn), ïðè-

íàäëåæàùèõ ïðè ïî÷òè âñåõ (x′, xn) ∈ Rn
+ ïðîñòðàíñòâó L̃2(C

+
γ × Rn

+), äëÿ
êîòîðûõ ñïðàâåäëèâî

sup
σ>γ

∫

R

∫

R+

∫

Rn−1

|iη + σ|2α0 |ŵ(iη + σ, ξ′, xn)|2 dξ′ dxn dη <∞, α0 ≤ l,

sup
σ>γ

∫

R

∫

R+

∫

Rn−1

(1 + |ξ′|2)r|ŵ(iη + σ, ξ′, xn)|2 dξ′ dxn dη <∞,

sup
σ>γ

∫

R

∫

R+

∫

Rn−1

|Dr
xn
ŵ(iη + σ, ξ′, xn)|2 dξ′ dxn dη <∞,
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Øåìåòîâà Â.Â. 107

ãäå ŵ(iη + σ, ξ′, xn) � ÷àñòè÷íîå ïðåîáðàçîâàíèå Ôóðüå ïî x′ �óíêöèè

w(iη + σ, x′, xn).
Ââåä¼ì íà í¼ì íîðìó

sup
σ>γ




l∑

a0=0



∫

R

∫

R+

∫

Rn−1

|iη + σ|2α0 |ŵ(iη + σ, ξ′, xn)|2 dξ′ dxn dη




1/2

+



∫

R

∫

R+

∫

Rn−1

(1 + |ξ′|2)r|ŵ(iη + σ, ξ′, xn)|2 dξ′ dxn dη




1/2

+



∫

R

∫

R+

∫

Rn−1

|Dr
xn
ŵ(iη + σ, ξ′, xn)|2 dξ′ dxn dη




1/2

 .

Ïîëó÷åííîå ëèíåéíîå íîðìèðîâàííîå ïðîñòðàíñòâî áóäåì îáîçíà÷àòü ñèì-

âîëîì W̃
l,r
2 (C+

γ × Rn
+).

Îáîáùåííàÿ òåîðåìà Ïýëè�Âèíåðà. Èíòåãðàëüíûé îïåðàòîð Ëà-

ïëàñà L îòîáðàæàåò ïðîñòðàíñòâî �óíêöèé èç W
l,r
2,γ(R

n+1
++ ) òàêèõ, ÷òî

Dk
t u|t=0 = 0, k = 0, · · · , l − 1,

íà W̃
l,r
2 (C+

γ × Rn
+) âçàèìíî îäíîçíà÷íî è âçàèìíî íåïðåðûâíî.

� 3. Äîêàçàòåëüñòâî òåîðåìû

Äëÿ äîêàçàòåëüñòâà ðàçðåøèìîñòè ðàññìîòðèì âñïîìîãàòåëüíóþ êðàå-

âóþ çàäà÷ó â ïîëóïðîñòðàíñòâå ñ ïàðàìåòðàìè ξ′ ∈ Rn−1
è τ ∈ C+

γ , γ > γ0,

äëÿ îáûêíîâåííîãî äè��åðåíöèàëüíîãî óðàâíåíèÿ, êîòîðàÿ ïîëó÷àåòñÿ

ïîñëå �îðìàëüíîãî ïðèìåíåíèÿ îïåðàòîðà Ôóðüå ïî êàñàòåëüíûì ïðî-

ñòðàíñòâåííûì ïåðåìåííûì x′ è îïåðàòîðà Ëàïëàñà ïî âðåìåííîé ïåðå-

ìåííîé t ê ðàññìàòðèâàåìîé çàäà÷å (2)

D4
xn
v −

(
τ 2 + 2|ξ′|2

)
D2

xn
v +

(
ετ 2 + |ξ′|2τ 2 + |ξ′|4

)
v = F (τ, ξ′, xn),

xn > 0, ξ′ ∈ Rn−1, τ ∈ C+
γ ,

v
∣∣
xn=0

= 0, Dxn
v
∣∣
xn=0

= 0,

v ∈ W 4(R+),

(5)

ãäå F (τ, ξ′, xn) � ïðåîáðàçîâàíèå Ôóðüå ïî ïåðåìåííûì x′ è ïðåîáðàçî-

âàíèå Ëàïëàñà ïî ïåðåìåííîé t îò �óíêöèè f(t, x′, xn). Äàëüíåéøàÿ öåëü
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ñîñòîèò â òîì, ÷òîáû ïîêàçàòü, ÷òî çàäà÷à (5) èìååò åäèíñòâåííîå ðåøåíèå

â ñîáîëåâñêîì ïðîñòðàíñòâå W 4
2 (R+) ñ ïàðàìåòðàìè ξ

′ ∈ Rn−1
è τ ∈ C+

γ .

Ïðåäñòàâèì ðåøåíèå êðàåâîé çàäà÷è (5) â âèäå

v(τ, ξ′, xn) = v0(τ, ξ
′, xn) + v1(τ, ξ

′, xn), (6)

ãäå v0(τ, ξ
′, xn) ÿâëÿåòñÿ ðåøåíèåì çàäà÷è

L(τ, iξ′, Dxn
)v0 = f̃(τ, ξ′, xn), xn > 0,

v0 ∈ W 4
2 (R+),

(7)

â ñâîþ î÷åðåäü v1(τ, x) ïðåäñòàâëÿåò ñîáîé ðåøåíèå êðàåâîé çàäà÷è

L(τ, iξ′, Dxn
)v1 = 0, xn > 0,

v1|xn=0 = −v0|xn=0 = ψ1(τ, ξ
′),

Dxn
v1|xn=0 = −Dxn

v0|xn=0 = ψ2(τ, ξ
′),

v1 ∈ W 4
2 (R+).

(8)

�åøåíèå óðàâíåíèÿ (7), ñëåäóÿ [4℄, ìîæíî çàïèñàòü â âèäå:

v0(τ, ξ
′, xn) =

xn∫

0

J−(τ, ξ
′, xn − s)f̃(τ, ξ′, s) ds

+

+∞∫

xn

J+(τ, ξ
′, xn − s)f̃(τ, ξ′, s) ds, (9)

çäåñü

J−(τ, ξ
′, xn) =

1

2πi

∫

Γ
−

exnλ

L(τ, iξ′, λ)
dλ, J+(τ, ξ

′, xn) = − 1

2πi

∫

Γ+

exnλ

L(τ, iξ′, λ)
dλ,

Γ− � êîíòóð â êîìïëåêñíîé ïëîñêîñòè, îõâàòûâàþùèé êîðíè λ−1 (τ, ξ
′) è

λ−2 (τ, ξ
′), Γ+ � êîíòóð, îõâàòûâàþùèé êîðíè óðàâíåíèÿ λ+1 (τ, ξ

′) è λ+2 (τ, ξ
′).

Äàëåå, ÷òîáû íå ïåðåãðóæàòü çàïèñü ââåäåì îáîçíà÷åíèå λ+i è λ−i , i = 1, 2,
âìåñòî λ+i (τ, ξ

′) è λ−i (τ, ξ
′) ñîîòâåòñòâåííî. Â ðàçâåðíóòîé �îðìå çàïèñè

ðåøåíèå çàäà÷è (7) èìååò âèä

v0(τ, ξ
′, xn) =

xn∫

0

e−λ+

1
(xn−s)f̃(τ, ξ′, s)

2λ+1
(
(λ+2 )

2 − (λ+1 )
2
)ds−

xn∫

0

e−λ+

2
(xn−s)f̃(τ, ξ′, s)

2λ+2
(
(λ+2 )

2 − (λ+1 )
2
)ds

+

+∞∫

xn

eλ
+

1
(xn−s)f̃(τ, ξ′, s)

2λ+1
(
(λ+2 )

2 − (λ+1 )
2
)ds−

+∞∫

xn

eλ
+

2
(xn−s)f̃(τ, ξ′, s)

2λ+2
(
(λ+2 )

2 − (λ+1 )
2
)ds. (10)
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Òåïåðü ïåðåéäåì ê v1(τ, ξ
′, xn). Äëÿ å¼ ïîñòðîåíèÿ íåîáõîäèìî ðåøèòü

êðàåâóþ çàäà÷ó äëÿ îáûêíîâåííîãî äè��åðåíöèàëüíîãî óðàâíåíèÿ (8),

ïåðåïèøåì åå â ðàçâåðíóòîì âèäå, ó÷èòûâàÿ âèä v0(τ, ξ
′, xn),

L(τ, iξ′, Dxn
)v1 = 0, xn > 0,

v1|xn=0 = −ϕ1(τ, ξ
′) + ϕ2(τ, ξ

′),
Dxn

v1|xn=0 = −λ+1 ϕ1(τ, ξ
′) + λ+2 ϕ2(τ, ξ

′),
v1 ∈ W 4

2 (R+).

çäåñü

ϕ1(τ, ξ
′) =

+∞∫

0

e−λ+

1
sf̃(τ, ξ′, s)

2λ+1
(
(λ+2 )

2 − (λ+1 )
2
)ds, ϕ2(τ, ξ

′) =

+∞∫

0

e−λ+

2
sf̃(τ, ξ′, s)

2λ+2
(
(λ+2 )

2 − (λ+1 )
2
)ds.

�åøåíèå çàäà÷è (8) ìîæíî çàïèñàòü â âèäå

v1(τ, ξ
′, xn) =

(λ+1 + λ+2 )e
−λ+

1
xn

+∞∫
0

e−λ+

1
sf̃(τ, ξ′, s)ds

2λ+1
(
(λ+2 )

2 − (λ+1 )
2
)
(λ+1 − λ+2 )

−
2λ+2 e

−λ+

1
xn

+∞∫
0

e−λ+

2
sf̃(τ, ξ′, s)ds

2λ+2
(
(λ+2 )

2 − (λ+1 )
2
)
(λ+1 − λ+2 )

−
2λ+1 e

−λ+

2
xn

+∞∫
0

e−λ+

1
sf̃(τ, ξ′, s)ds

2λ+1
(
(λ+2 )

2 − (λ+1 )
2
)
(λ+1 − λ+2 )

+

(λ+1 + λ+2 )e
−λ+

2
xn

+∞∫
0

e−λ+

2
sf̃(τ, ξ′, s)ds

2λ+2
(
(λ+2 )

2 − (λ+1 )
2
)
(λ+1 − λ+2 )

. (11)

Ëåììà 1. Ïðè τ ∈ C+
γ , Reτ > 0 è ξ′ ∈ Rn−1

äëÿ êîðíåé õàðàêòåðè-

ñòè÷åñêîãî óðàâíåíèÿ (4) ñïðàâåäëèâî

λ+j = −λ−j , j = 1, 2, (λ+1 )
2 + (λ+2 )

2 = 2|ξ′|2 + τ 2,

(λ+1 )
2(λ+2 )

2 = |ξ′|4 + |ξ′|2τ 2 + ετ 2.

Äîêàçàòåëüñòâî. �àññìîòðèì õàðàêòåðèñòè÷åñêîå óðàâíåíèå (4).

Îáîçíà÷èâ µ = λ2, óðàâíåíèå (4) ïðèíèìàåò âèä

µ2 −
(
τ 2 + 2|ξ′|2

)
µ+

(
ετ 2 + |ξ′|2τ 2 + |ξ′|4

)
= 0,

êîðíè åãî ìîæíî ïðåäñòàâèòü ñëåäóþùèì îáðàçîì

µ1 = |ξ′|2 + τ 2

2
(1 +

√
1− z), µ2 = |ξ′|2 + τ 2

2
(1−

√
1− z), z =

4ε

τ 2
.
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Êîðíè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ (4) èìåþò âèä

λ+1 =
√
µ1, λ−1 = −√

µ1, λ+2 =
√
µ2, λ−2 = −√

µ2.

Ïðè Reτ = σ > 0 áóäåò ñïðàâåäëèâî àñèìïòîòè÷åñêîå ðàçëîæåíèå

µ1 = |ξ′|2 + τ 2 − ε+O
(
|z|2
)
= |ξ′|2 + τ 2 +O (1) , |z| → 0,

µ2 = |ξ′|2 + ε+
ε2

τ 2
+O

(
|z|2
)
, |z| → 0.

�

Ëåììà 2. Ïðè Reτ = σ > 0 èìååò ìåñòî îöåíêà

|Reλ+1 ||λ+1 | ≥
cσ

|τ |
(
|τ |2 + |ξ′|2

)
, (12)

ãäå c > 0 � êîíñòàíòà, íå çàâèñÿùàÿ îò τ è ξ′.

Äîêàçàòåëüñòâî. Îöåíêà íà ñèìâîë ïñåâäîãèïåðáîëè÷åñêîãî îïåðà-

òîðà èìååò âèä

|L(τ, iξ′, iξn)| ≥
σ

|τ |(|τ |
2 + |ξ′|2 + |ξn|2)(ε+ ξ2n + |ξ′|2). (13)

Ñ äîêàçàòåëüñòâîì ìîæíî îçíàêîìèòüñÿ â [4℄. Ñ äðóãîé ñòîðîíû îöåíêó

íà äàííûé ñèìâîë ìîæíî ïðåäñòàâèòü â âèäå

|L(τ, iξ′, iξn)| = |iξn − λ+1 | · |iξn − λ−1 | · |iξn − λ+2 | · |iξn − λ−2 |. (14)

Ïóñòü ξn = Imλ+1 , òîãäà

|Reλ+1 ||iImλ+1 − λ−1 ||iImλ+1 − λ+2 ||iImλ+1 − λ−2 |.

Ïîñêîëüêó

|iImλ+1 − λ−1 | ≤ |Imλ+1 |+ |λ−1 | ≤ 2|λ+1 |
è

|iImλ+1 − λ+2 | · |iImλ+1 − λ−2 | = |(Imλ+1 )2 + (λ+1 )
2| ≤ |λ+2 |2 + (Imλ+1 )

2,

òîãäà

|Reλ+1 ||iImλ+1 − λ−1 ||iImλ+1 − λ+2 ||iImλ+1 − λ−2 |
≤ 2|Reλ+1 ||λ+1 |

(
|λ+2 |2 + (Imλ+1 )

2
)
. (15)
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Îáðàòèìñÿ ê (13) è (14), çàìåíèâ ξn íà Imλ+1 , èìååì

|Reλ+1 ||iImλ+1 − λ−1 ||iImλ+1 − λ+2 ||iImλ+1 − λ−2 |
≥ σ

|τ |(ε+ |ξ′|2 + |Imλ+1 |2)(|τ |2 + |ξ′|2 + |Imλ+1 |2). (16)

Èç (15) è (16) ïîëó÷àåì

2|Reλ+1 ||λ+1 |
(
|λ+2 |2+(Imλ+1 )

2
)
≥ σ

|τ |(ε+ |ξ′|2+ |Imλ+1 |2)(|τ |2+ |ξ′|2+ |Imλ+1 |2),

òåì ñàìûì ïðèõîäèì ê òðåáóåìîìó íåðàâåíñòâó (12). �

Ëåììà 3. Ñóùåñòâóåò γ1 > 0 òàêîå, ÷òî ïðè Reτ = σ > γ1 ñïðàâåä-

ëèâà îöåíêà

Reλ+1 ≥ σ, Reλ+2 ≥
√
|ξ′|2 + ε.

Ñ äîêàçàòåëüñòâîì äàííîãî óòâåðæäåíèÿ ìîæíî îçíàêîìèòüñÿ â ðàáîòå

[11℄.

Ëåììà 4. Ñóùåñòâóåò γ0 > γ1 > 0 òàêîå, ÷òî ïðè Reτ > γ0 ñïðàâåä-

ëèâû îöåíêè:

‖|ξ′|kv0(τ, ξ′, xn), L2(R
n
+)‖ ≤ c|τ |−1‖f̃(τ, ξ′, xn), L2(R

n
+)‖, k = 0, 1, 2,

‖|ξ′|kv0(τ, ξ′, xn), L2(R
n
+)‖ ≤ c|τ |k−3‖f̃(τ, ξ′, xn), L2(R

n
+)‖, k = 3, 4,

‖Dk
xn
v0(τ, ξ

′, xn), L2(R
n
+)‖ ≤ c|τ |−1‖f̃(τ, ξ′, xn), L2(R

n
+)‖, k = 1, 2,

‖Dk
xn
v0(τ, ξ

′, xn), L2(R
n
+)‖ ≤ c|τ |k−3‖f̃(τ, ξ′, xn), L2(R

n
+)‖, k = 3, 4,

‖|ξ′|2D2
xn
v0(τ, ξ

′, xn), L2(R
n
+)‖ ≤ c|τ |‖f̃(τ, ξ′, xn), L2(R

n
+)‖,

ñ êîíñòàíòîé c > 0, êîòîðàÿ íå çàâèñèò îò f(t, x′, xn).
Äîêàçàòåëüñòâî. Ïðîäîëæèì �óíêöèþ f̃(τ, ξ′, xn) íóëåì ïðè xn < 0,

ñîõðàíèâ îáîçíà÷åíèå äëÿ ïðîäîëæåííîé �óíêöèè. Èñïîëüçóÿ �óíêöèþ

Õåâèñàéäà θ(xn), v0(τ, ξ
′, xn) èç �îðìóëû (9) ìîæíî çàïèñàòü â âèäå

v0(τ, ξ
′, xn) =

∫

R

(
J−(τ, ξ

′, xn − s)θ(xn − s)f̃(τ, ξ′, s)

+J+(τ, ξ
′, xn − s)θ(−xn + s)f̃(τ, ξ′, s)

)
ds =

∫

R

G(τ, ξ′, xn − s)f̃(τ, ξ′, s) ds.

Ñ ó÷åòîì �îðìóëû ïðåîáðàçîâàíèÿ Ôóðüå ñâåðòêè ïîëó÷àåì

∥∥v0(τ, ξ′, xn), L2(R
n
+)
∥∥ =

∥∥∥∥∥∥

∫

R

e−iξnxnG(τ, ξ′, xn) dxnf̂(τ, ξ
′, ξn), L2(R

n
+)

∥∥∥∥∥∥
,
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çäåñü f̂(τ, ξ′, ξn) � ïðåîáðàçîâàíèå Ôóðüå �óíêöèè f̃(τ, ξ′, xn). Ïðèìåíÿÿ
òåîðåìó î âû÷åòàõ è ïðîâîäÿ àëãåáðàè÷åñêèå ïðåîáðàçîâàíèÿ, ïðèõîäèì ê

J(τ, ξ′, ξn) =

∫

R

e−iξnxnG(τ, ξ′, xn) dxn

=

+∞∫

0

e−λ+

1
xn−iξnxn

2λ+1
(
(λ+2 )

2 − (λ+1 )
2
)dxn −

+∞∫

0

e−λ+

2
xn−iξnxn

2λ+2
(
(λ+2 )

2 − (λ+1 )
2
)dxn

+

0∫

−∞

eλ
+

1
xn−iξnxn

2λ+1
(
(λ+2 )

2 − (λ+1 )
2
)dxn −

0∫

−∞

eλ
+

2
xn−iξnxn

2λ+2
(
(λ+2 )

2 − (λ+1 )
2
)dxn.

Ñ÷èòàÿ èíòåãðàë ïî ïåðåìåííîé xn, èìååì

J(τ, ξ′, ξn) =
1

λ1 + iξn
· 1

2λ+1
(
(λ+2 )

2 − (λ+1 )
2
) − 1

λ2 + iξn
· 1

2λ+2
(
(λ+2 )

2 − (λ+1 )
2
)

+
1

λ1 − iξn
· 1

2λ+1
(
(λ+2 )

2 − (λ+1 )
2
) − 1

λ2 − iξn
· 1

2λ+2
(
(λ+2 )

2 − (λ+1 )
2
)

=
1(

(λ+1 )
2 + ξ2n

)(
(λ+2 )

2 + ξ2n
) =

1

L(τ, iξ′, iξn)
.

Â ñèëó îöåíêè íà ñèìâîë ïñåâäîãèïåðáîëè÷åñêîãî îïåðàòîðà (13) ïîëó÷àåì

|ξ′|k + |ξn|k
|L(τ, iξ′, iξn)|

≤ c∗

σ
|τ |−1, k = 0, 1, 2,

|ξ′|3 + |ξn|3
|L(τ, iξ′, iξn)|

≤ c∗

σ
,

|ξ′|4 + |ξn|4
|L(τ, iξ′, iξn)|

≤ c∗

σ
|τ |, |ξ′|2|ξn|2

|L(τ, iξ′, iξn)|
≤ c∗

σ
|τ |.

Èç ýòèõ íåðàâåíñòâ ïîëó÷àåì íåîáõîäèìûå îöåíêè. �

Ëåììà 5. Ïóñòü ñóùåñòâóåò γ0 > γ1 > 0, äëÿ ëþáîé f(t, x) èç
W

2,2,0
2,γ (Rn+1

++ ), γ > γ0 òàêîé, ÷òî f(t, x)|t=0 = Dtf(t, x)|t=0 = 0, ñïðàâåäëèâû
îöåíêè:

‖|ξ′|kv1(τ, ξ′, xn), L2(R
n
+)‖ ≤ c‖f̃(τ, ξ′, xn), L2(R

n
+)‖, k = 0, 1, 2

‖|ξ′|kv1(τ, ξ′, xn), L2(R
n
+)‖ ≤ c‖|ξ′|k−2f̃(τ, ξ′, xn), L2(R

n
+)‖, k = 3, 4.

‖|ξ′|kD2
xn
v1(τ, ξ

′, xn), L2(R
n
+)‖ ≤ c‖|ξ′|kf̃(τ, ξ′, xn), L2(R

n
+)‖, k = 0, 1, 2

‖D4
xn
v1(τ, ξ

′, xn), L2(R
n
+)‖
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≤ c|τ |2‖f̃(τ, ξ′, xn), L2(R
n
+)‖+ c‖|ξ′|2f̃(τ, ξ′, xn), L2(R

n
+)‖.

ñ êîíñòàíòîé c > 0, íå çàâèñÿùåé îò f̃(τ, ξ′, xn).
Äîêàçàòåëüñòâî. Äëÿ êðàòêîñòè ðåøåíèå çàäà÷è (8) çàïèøåì ñëå-

äóþùèì îáðàçîì

v1(τ, ξ
′, xn) = e−λ+

1
xnα1(τ, ξ

′)e−λ+

1
xn

+∞∫

0

e−λ+

1
sf̃(τ, ξ′, s)ds+

α2(τ, ξ
′)e−λ+

1
xn

+∞∫

0

e−λ+

2
sf̃(τ, ξ′, s)ds+ β1(τ, ξ

′)e−λ+

2
xn

+∞∫

0

e−λ+

1
sf̃(τ, ξ′, s)ds

+β2(τ, ξ
′)e−λ+

2
xn

+∞∫

0

e−λ+

2
sf̃(τ, ξ′, s)ds,

ãäå

α1(τ, ξ
′) = − 1

2λ+1 (λ
+
1 − λ+2 )

2
, α2(τ, ξ

′) = − 1(
(λ+2 )

2 − (λ+1 )
2
)
(λ+1 − λ+2 )

,

β1(τ, ξ
′) = − 1(

(λ+2 )
2 − (λ+1 )

2
)
(λ+1 − λ+2 )

, β2(τ, ξ
′) = − 1

2λ+2 (λ
+
1 − λ+2 )

2
.

Äàëåå ïåðåïèøåì ðåøåíèå èíûì ñïîñîáîì

−
0∫

−∞

Dzn

(
e−λ+

1
(xn+zn)

[
α1(τ, ξ

′)

+∞∫

0

e−λ+

1
(s+zn)f̃(τ, ξ′, s)ds

+α2(τ, ξ
′)

+∞∫

0

e−λ+

2
(s+zn)f̃(τ, ξ′, s)ds

]

+e−λ+

2
(xn+zn)θ(zn)

[
β1(τ, ξ

′)

+∞∫

0

e−λ+

1
(s+zn)f̃(τ, ξ′, s)ds

+β2(τ, ξ
′)

+∞∫

0

e−λ+

2
(s+zn)f̃(τ, ξ′, s)ds

])
dzn.

Îñóùåñòâëÿÿ îïåðàöèþ äè��åðåíöèðîâàíèÿ è èñïîëüçóÿ �óíêöèþ Õåâè-

ñàéäà θ(zn), ïðèõîäèì ê ñëåäóþùåìó ðåçóëüòàòó:

+∞∫

−∞

λ+1 e
−λ+

1
(xn+zn)θ(zn + xn)θ(zn)

[
α1(τ, ξ

′)

+∞∫

0

e−λ+

1
(s+zn)f̃(τ, ξ′, s)ds
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+α2(τ, ξ
′)

+∞∫

0

e−λ+

2
(s+zn)f̃(τ, ξ′, s)ds

]
dzn

+

+∞∫

−∞

e−λ+

1
(xn+zn)θ(zn + xn)θ(zn)

[
α1(τ, ξ

′)λ+1

+∞∫

0

e−λ+

1
(s+zn)f̃(τ, ξ′, s)ds

+α2(τ, ξ
′)λ+2

+∞∫

0

e−λ+

2
(s+zn)f̃(τ, ξ′, s)ds

]
dzn

+

+∞∫

−∞

λ+2 e
−λ+

2
(xn+zn)θ(zn + xn)θ(zn)

[
β1(τ, ξ

′)

+∞∫

0

e−λ+

1
(s+zn)f̃(τ, ξ′, s)ds

+β2(τ, ξ
′)

+∞∫

0

e−λ+

2
(s+zn)f̃(τ, ξ′, s)ds

]
dzn

+

+∞∫

−∞

e−λ+

2
(xn+zn)θ(zn + xn)θ(zn)

[
β1(τ, ξ

′)λ+1

+∞∫

0

e−λ+

1
(s+zn)f̃(τ, ξ′, s)ds

+β2(τ, ξ
′)λ+2

+∞∫

0

e−λ+

2
(s+zn)f̃(τ, ξ′, s)ds

]
dzn.

Ó÷èòûâàÿ ñëåäóþùèå ðàâåíñòâà

+∞∫

−∞

k(zn + xn)h(zn)dzn =

+∞∫

−∞

k(xn − z̃n)h(−z̃n)dz̃n, h(−z̃n) = h1(z̃n)

F (k ∗ h1)(ξn) =
√
2πk̂(ξn)ĥ1(ξn), (k ∗ h1)(xn) =

+∞∫

−∞

eixnξn k̂(ξn)ĥ1(ξn)dξn,

òàêèì îáðàçîì, èìååì

+∞∫

−∞

k(zn + xn)h(zn)dzn =

+∞∫

−∞

eixnξn k̂(ξn)ĥ1(ξn)dξn.
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Îñíîâûâàÿñü íà ïðîâåäåííûõ âûøå ðàññóæäåíèÿõ è îñóùåñòâëÿÿ ñîîòâåò-

ñòâóþùóþ ïåðåãðóïïèðîâêó ñëàãàåìûõ, à èìåííî ñîáèðàÿ ÷ëåíû, ñîäåðæà-

ùèå èíòåãðàëû

+∞∫
0

e−λ+

1
sf̃(τ, ξ′, s)ds è

+∞∫
0

e−λ+

2
sf̃(τ, ξ′, s)ds ïî îòäåëüíîñòè,

ïðèõîäèì ê ýêâàâàëåíòíîé �îðìå çàïèñè ðåøåíèÿ v1(τ, ξ
′, xn)

1

2π

+∞∫

−∞

eixnξn

+∞∫

0

e−λ+

1
sf̃(τ, ξ′, s)ds

[
2λ+1 α1(τ, ξ

′)

(λ+1 )
2 + ξ2n

+
λ+1 + λ+2
λ+1 − iξn

· β1(τ, ξ
′)

λ+2 + iξn

]
dξn

+
1

2π

+∞∫

−∞

eixnξn

+∞∫

0

e−λ+

2
sf̃(τ, ξ′, s)ds

[
2λ+2 β2(τ, ξ

′)

(λ+2 )
2 + ξ2n

+
λ+1 + λ+2
λ+1 + iξn

· α2(τ, ξ
′)

λ+2 − iξn

]
dξn

�àññìîòðèì ïåðâóþ ñòðîêó ïîëó÷åííîãî âûðàæåíèÿ. Îáîçíà÷èì âûðàæå-

íèå â êâàäðàòíûõ ñêîáêàõ B1(τ, ξ
′). Ïðîâåäåì íåîáõîäèìûå ïðåîáðàçîâà-

íèÿ, â ðåçóëüòàòå ïîëó÷èì

B1(τ, ξ
′) =

1(
(λ+1 )

2 + ξ2n
)
(λ+1 − λ+2 )(λ

+
2 + iξn)

.

Îáîçíà÷èì ÷åðåç B2(τ, ξ
′) âûðàæåíèå â êâàäðàòíûõ ñêîáêàõ âî âòîðîé

ñòðîêå. Ïðîäåëàåì àíàëîãè÷íûå äåéñòâèÿ, ïîëó÷èì

B2(τ, ξ
′) = − 1(

(λ+2 )
2 + ξ2n

)
(λ+1 − λ+2 )(λ

+
1 + iξn)

.

Îöåíèì ïîëó÷åííîå âûðàæåíèå â íîðìå L2(R
n). Äëÿ ýòîãî âîñïîëüçóåìñÿ

íåðàâåíñòâîì Ìèíêîâñêîãî è ðàâåíñòâîì Ïàðñåâàëÿ, ïîëó÷àåì

∥∥v1(τ, ξ′, xn), L2(R
n)
∥∥2

≤ 1

2π

∫

Rn−1

∫

R

∣∣∣∣∣

+∞∫
0

e−λ+

1
sf̃(τ, ξ′, s)ds

(
(λ+1 )

2 + ξ2n
)
(λ+1 − λ+2 )(λ

+
2 + iξn)

∣∣∣∣∣

2

dξ′dξn

+
1

2π

∫

Rn−1

∫

R

∣∣∣∣∣

+∞∫
0

e−λ+

2
sf̃(τ, ξ′, s)ds

(
(λ+2 )

2 + ξ2n
)
(λ+1 − λ+2 )(λ

+
1 + iξn)

∣∣∣∣∣

2

dξ′dξn.
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Ñ ó÷åòîì ëåììû 2, èìååì ñëåäóþùóþ îöåíêó

∥∥v1(τ, ξ′, xn), L2(R
n)
∥∥2

≤ c1

∫

Rn−1

∫

R

∣∣∣∣∣

|τ |
+∞∫
0

e−λ+

1
sf̃(τ, ξ′, s)ds

σ(|τ |2 + |ξ′|2)(λ+1 − λ+2 )(λ
+
2 + iξn)

∣∣∣∣∣

2

dξ′dξn

+ c2

∫

Rn−1

∫

R

∣∣∣∣∣

+∞∫
0

e−λ+

2
sf̃(τ, ξ′, s)ds

(
(λ+2 )

2 + ξ2n
)
(λ+1 − λ+2 )Reλ

+
1

∣∣∣∣∣

2

dξ′dξn

Òåïåðü èñêëþ÷èì çàâèñèìîñòü îò ïåðåìåííîé ξn è ïðèìåíèì íåðàâåí-

ñòâî �¼ëüäåðà, ïîëó÷àåì

∥∥v1(τ, ξ′, xn), L2(R
n
+)
∥∥2

≤ c1

∫

Rn−1

+∞∫

0

∣∣∣∣∣
|τ |f̃(τ, ξ′, xn)

σ
√

Reλ+1 (|τ |2 + |ξ′|2)(λ+1 − λ+2 )
4
√
ε+ |ξ′|2

∣∣∣∣∣

2

dξ′dxn

+ c2

∫

Rn−1

+∞∫

0

∣∣∣∣∣
f̃(τ, ξ′, xn)√

Reλ+2
4
√

(ε+ |ξ′|2)3(λ+1 − λ+2 )Reλ
+
1

∣∣∣∣∣

2

dξ′dxn,

Ïåðåéäåì ê àíàëèçó êàæäîãî èíòåãðàëüíîãî ñëàãàåìîãî, óäåëÿÿ îñîáîå

âíèìàíèå ðàöèîíàëüíûì âûðàæåíèÿì. Äëÿ ïåðâîãî ïðèìåíèâ îöåíêó èç

ëåììû 2, èìååì

∣∣∣∣∣
|τ |

σ
√

Reλ+1 (|τ |2 + |ξ′|2)(λ+1 − λ+2 )
4
√
ε+ |ξ′|2

∣∣∣∣∣

=

∣∣∣∣∣
|τ |(λ+1 + λ+2 )λ

+
1

σ(|τ |2 + |ξ′|2)((λ+1 )2 − (λ+2 )
2) 4
√
ε+ |ξ′|2

√
λ+1
√

Reλ+1 λ
+
1

∣∣∣∣∣

≤
∣∣∣∣∣

(|τ |+ |ξ′|)2|τ |7/4
σ7/4|τ |2

√
(ε+ |ξ′|)(|τ |+ |ξ′|)7/2

∣∣∣∣∣ ≤
∣∣∣∣∣

1

σ2
√

(ε+ |ξ′|)(|τ |+ |ξ′|)3/2

∣∣∣∣∣.

Îáðàòèìñÿ êî âòîðîìó èíòåãðàëüíîìó ñëàãàåìîìó, ïðèìåíÿÿ îöåíêó èç

ëåììû 2, èìååì

∣∣∣∣∣
1√

Reλ+2
4
√
(ε+ |ξ′|2)3(λ+1 − λ+2 )Reλ

+
1

∣∣∣∣∣
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=

∣∣∣∣∣
(λ+1 + λ+2 )λ

+
1√

Reλ+2
4
√

(ε+ |ξ′|2)3((λ+1 )2 − (λ+2 )
2)Reλ+1 λ

+
1

∣∣∣∣∣

≤
∣∣∣∣

c(|τ |+ |ξ′|)2|τ |
σ(ε+ |ξ′|2)|τ |2(|τ |2 + |ξ′|2)

∣∣∣∣ ≤
∣∣∣∣

c∗

σ(ε+ |ξ′|2)|τ |

∣∣∣∣ .

Ñëåäîâàòåëüíî, ïîëó÷àåì

|ξ′|k
σ2
√
(ε+ |ξ′|)(|τ |+ |ξ′|)3/2

≤ c

σ2
,

|ξ′|k
σ(ε+ |ξ′|2)|τ | ≤

c

σ2
|τ |−1, k = 0, 1, 2,

|ξ′|k
σ2
√

(ε+ |ξ′|)(|τ |+ |ξ′|)3/2
≤ c

σ2
|ξ′|k−2,

|ξ′|k
σ(ε+ |ξ′|2)|τ | ≤

c

σ2
|τ |−1|ξ′|k−2, k = 3, 4.

Òàêèì îáðàçîì, íà îñíîâàíèè ïðîâåäåííîãî àíàëèçà, ìîæíî çàêëþ÷èòü,

÷òî ïåðâûå äâå îöåíêè, ñ�îðìóëèðîâàííûå â óòâåðæäåíèè ëåììû, ÿâëÿ-

þòñÿ ñïðàâåäëèâûìè.

Äëÿ îöåíèâàíèÿ ïðîèçâîäíûõ Dk
xn
v1(τ, ξ

′, xn), òðåáóåòñÿ îñóùåñòâèòü

äè��åðåíöèðîâàíèå �óíêöèè v1(τ, ξ
′, xn) èç (11), ïîñëå ýòîãî ïðèìåíèòü

ðÿä ïðåîáðàçîâàíèé, àíàëîãè÷íûõ òåì, ÷òî áûëè ïîäðîáíî îïèñàíû âûøå.

Äàëåå ïîñëåäîâàòåëüíî èñïîëüçîâàâ íåðàâåíñòâî Ìèíêîâñêîãî, ðàâåíñòâî

Ïàðñåâàëÿ è íåðàâåíñòâî �¼ëüäåðà ïîëó÷àåì ñëåäóþùåå âûðàæåíèå:

∥∥Dk
xn
v1(τ, ξ

′, xn), L2(R
n+1
+ )

∥∥2

≤ c1

∫

R
n+1
+

∣∣∣∣∣
(−λ+2 )kλ+1 − (−λ+1 )kλ+2 + iξn((−λ+2 )k − (−λ+1 )k)√

Reλ+1 (λ
+
1 − λ+2 )

2((λ+1 )
2 + ξ2n)(λ

+
2 + iξn)

f̃(τ, ξ′, xn)

∣∣∣∣∣

2

ds

+ c2

∫

R
n+1

+

∣∣∣∣∣
(−λ+2 )kλ+1 − (−λ+1 )kλ+2 + iξn((−λ+2 )k − (−λ+1 )k)√

Reλ+2 (λ
+
1 − λ+2 )

2((λ+2 )
2 + ξ2n)(λ

+
1 + iξn)

f̃(τ, ξ′, xn)

∣∣∣∣∣

2

ds.

(17)

�àññìîòðèì âûðàæåíèå (17) ïðè k = 2, òîãäà
∥∥D2

xn
v1(τ, ξ

′, xn), L2(R
n+1
+ )

∥∥2

≤ c1

∫

Rn

+∞∫

0

∣∣∣∣∣
[λ+1 λ

+
2 + iξn(λ

+
1 + λ+2 )]f̃(τ, ξ

′, xn)√
Reλ+1 (λ

+
2 − λ+1 )((λ

+
1 )

2 + ξ2n)(λ
+
2 + iξn)

∣∣∣∣∣

2

dxndξ
′dξn

+ c2

∫

Rn

+∞∫

0

∣∣∣∣∣
[λ+1 λ

+
2 + iξn(λ

+
1 + λ+2 )]f̃(τ, ξ

′, xn)√
Reλ+2 (λ

+
2 − λ+1 )((λ

+
2 )

2 + ξ2n)(λ
+
1 + iξn)

∣∣∣∣∣

2

dxndξ
′dξn.
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Ïðèíèìàÿ âî âíèìàíèå ñîîòíîøåíèå

λ+1 λ
+
2 + iξn(λ

+
1 + λ+2 ) = (λ+2 + iξn)(λ

+
1 + λ+2 )− [λ+2 ]

2,

íåðàâåíñòâî Ìèíêîâñêîãî è ëåììó 2, ïðîèíòåãðèðóåì ïî ïåðåìåííîé ξn,

÷òî ïðèâîäèò ê ñëåäóþùåé çàïèñè:

∫

Rn−1

+∞∫

0

∣∣∣∣∣
(λ+1 + λ+2 )|τ |f̃(τ, ξ′, xn)

σ
√
Reλ+1 (λ

+
2 − λ+1 )

4
√
(|τ |2 + |ξ′|2)3

∣∣∣∣∣

2

dxndξ
′

+

∫

Rn−1

+∞∫

0

∣∣∣∣∣
(λ+2 )

2|τ |f̃(τ, ξ′, xn)
σ
√

Reλ+1 (λ
+
2 − λ+1 )(|τ |2 + |ξ′|2) 4

√
ε+ |ξ′|2

∣∣∣∣∣

2

dxndξ
′.

+

∫

Rn
+



∣∣∣∣∣

(λ+1 + λ+2 )f̃(τ, ξ
′, xn)

(λ+2 − λ+1 )
√
ε+ |ξ′|2Reλ+1

∣∣∣∣∣

2

+

∣∣∣∣∣
(λ+2 )

2f̃(τ, ξ′, xn)

(λ+2 − λ+1 )(ε+ |ξ′|2)Reλ+1

∣∣∣∣∣

2

 dxndξ′.

Íà îñíîâàíèè ëåììû 1 è 2, îöåíèì ïîëó÷èâøèåñÿ êîý��èöèåíòû ïðè

f̃(τ, ξ′, xn), òîãäà

∣∣∣∣∣
(λ+1 + λ+2 )|τ |

σ
√

Reλ+1 (λ
+
2 − λ+1 )

4
√

(|τ |2 + |ξ′|2)3

∣∣∣∣∣

=

∣∣∣∣∣
(λ+1 + λ+2 )

2|τ |(λ+1 )1/2

σ
√
Reλ+1 λ

+
1 ((λ

+
2 )

2 − (λ+1 )
2) 4
√

(|τ |2 + |ξ′|2)3

∣∣∣∣∣

≤ c

∣∣∣∣∣
(|τ |+ |ξ′|)5/2|τ |3/2

σ3/2
√

|τ |2 + |ξ′|2|τ |2 4
√
(|τ |2 + |ξ′|2)3

∣∣∣∣∣ ≤
c21

σ2
,

òàê äëÿ âòîðîãî èíòåãðàëüíîãî ñëàãàåìîãî èìååì

∣∣∣∣∣
(λ+2 )

2|τ |
σ
√

Reλ+1 (λ
+
2 − λ+1 )(|τ |2 + |ξ′|2) 4

√
ε+ |ξ′|2

∣∣∣∣∣

≤ c

∣∣∣∣∣
(|τ |+ |ξ′|)3/2(ε+ |ξ′|2)|τ |3/2

σ3/2
√

|τ |2 + |ξ′|2|τ |2(|τ |2 + |ξ′|2) 4
√
ε+ |ξ′|2

∣∣∣∣∣ ≤
c22

σ2
.

Îñòà¼òñÿ ëèøü òðåòüå èíòåãðàëüíîå ñëàãàåìîå:

∣∣∣∣∣
(λ+1 + λ+2 )

(λ+2 − λ+1 )
√
ε+ |ξ′|2Reλ+1

∣∣∣∣∣+
∣∣∣∣

(λ+2 )
2

(λ+2 − λ+1 )(ε+ |ξ′|2)Reλ+1

∣∣∣∣
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=

∣∣∣∣∣
λ+1 (λ

+
1 + λ+2 )

2

((λ+2 )
2 − (λ+1 )

2)
√
ε+ |ξ′|2Reλ+1 λ+1

∣∣∣∣∣+
∣∣∣∣

λ+1 (λ
+
2 )

2(λ+2 + λ+1 )

((λ+2 )
2 − (λ+1 )

2)(ε+ |ξ′|2)Reλ+1 λ+1

∣∣∣∣

≤ c23

∣∣∣∣∣
(|τ |+ |ξ′|)3|τ |

σ(|τ |2 + |ξ′|2)|τ |2
√
ε+ |ξ′|2

∣∣∣∣∣+ c24

∣∣∣∣
(|τ |+ |ξ′|)2(ε+ |ξ′|2)|τ |

σ(|τ |2 + |ξ′|2)|τ |2(ε+ |ξ′|2)

∣∣∣∣ ≤
c∗

σ
.

Èñïîëüçóÿ ïîëó÷åííûå îöåíêè, ïðèõîäèì ê âûâîäó î ñïðàâåäëèâîñòè òðå-

òüåãî íåðàâåíñòâà, ñ�îðìóëèðîâàííîãî â óòâåðæäåíèè äàííîé ëåììû.

Íàêîíåö, îñòàåòñÿ ðàññìîòðåòü �îðìóëó (17) ïðè k = 4, à èìåííî

∥∥D4
xn
v1(τ, ξ

′, xn), L2(R
n+1
+ )

∥∥2

≤ c1

∫

R
n+1

+

∣∣∣∣∣
((λ+1 )

2 + (λ+2 )
2)(λ+1 + λ+2 )(λ

+
2 + iξn)− (λ+2 )

4

√
Reλ+1 (λ

+
2 − λ+1 )((λ

+
1 )

2 + ξ2n)(λ
+
2 + iξn)

f̃(τ, ξ′, xn)

∣∣∣∣∣

2

dp

+ c2

∫

R
n+1

+

∣∣∣∣∣
((λ+1 )

2 + (λ+2 )
2)(λ+1 + λ+2 )(λ

+
2 + iξn)− (λ+2 )

4

√
Reλ+2 (λ

+
2 − λ+1 )((λ

+
2 )

2 + ξ2n)(λ
+
1 + iξn)

f̃(τ, ξ′, xn)

∣∣∣∣∣

2

dp.

Ïðîâåäåì àíàëîãè÷íûå ðàññóæäåíèÿ, ÷òî è äëÿ îöåíêè D2
xn
v1(τ, ξ

′, xn), â
ýòîì ñëó÷àå ïîëó÷àåì

∣∣∣∣∣
((λ+1 )

2 + (λ+2 )
2)(λ+1 + λ+2 )|τ |

σ
√

Reλ+1 (λ
+
2 − λ+1 )

4
√

(|τ |2 + |ξ′|2)3

∣∣∣∣∣

+

∣∣∣∣∣
(λ+2 )

4|τ |
σ
√

Reλ+1 (λ
+
2 − λ+1 )(|τ |2 + |ξ′|2) 4

√
ε+ |ξ′|2

∣∣∣∣∣ ≤
c41

σ

(
|τ |2 + |ξ′|2

)
,

∣∣∣∣∣
((λ+1 )

2 + (λ+2 )
2)(λ+1 + λ+2 )

(λ+2 − λ+1 )
√
ε+ |ξ′|2Reλ+1

∣∣∣∣∣+
∣∣∣∣

(λ+2 )
4

(λ+2 − λ+1 )(ε+ |ξ′|2)Reλ+1

∣∣∣∣ ≤
c42

σ

(
|τ |2 + |ξ′|2

)
,

ñëåäîâàòåëüíî, èñïîëüçóÿ ïîëó÷åííûå îöåíêè, ïðèõîäèì ê òðåáóåìîìó ðå-

çóëüòàòó äëÿ íîðìû

∥∥D4
xn
v1(τ, ξ

′, xn), L2(R
n
+)
∥∥
. �

Äîêàçàòåëüñòâî òåîðåìû. �àññìîòðèì �óíêöèþ v(τ, ξ′, xn) èç (6). Èç
îïðåäåëåíèÿ �óíêöèé v0(τ, ξ

′, xn), v1(τ, ξ
′, xn), �óíêöèÿ v(τ, ξ′, xn) ÿâëÿ-

åòñÿ àíàëèòè÷åñêîé ïðè τ ∈ C+
γ . Îáîçíà÷èì åå îáðàòíîå ïðåîáðàçîâàíèå

Ëàïëàñà � Ôóðüå ïî (τ, x′) ÷åðåç u(t, x′, xn). Ñëåäîâàòåëüíî, â ñèëó Ëåìì 4

è 5, à òàê æå îáîáùåííîé òåîðåìû Ïýëè � Âèíåðà u(t, x′, xn) ∈ W
2,4
2,γ (R

n+1
++ ),

ïðè ýòîì ñóùåñòâóþò îáîáùåííûå ïðîèçâîäíûå D2
tD

2
xj
u(t, x), j = 1, . . . , n,

â R
n+1
++ , D2

tD
2
xj
u(t, x) ∈ L2,γ(R

n+1
++ ) ïðè γ > γ0, è âûïîëíÿåòñÿ îöåíêà

∥∥u(t, x),W 2,4
2,γ (R

n+1
++ )

∥∥+
n∑

j=1

∥∥D2
tD

2
xj
u(t, x), L2,γ(R

n+1
++ )

∥∥
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≤ c
∥∥f(t, x),W 2,2,0

2,γ (Rn+1
++ )

∥∥,
ãäå c > 0 � êîíñòàíòà, íå çàâèñÿùàÿ îò f(t, x′, xn). Èç (6)�(9) ñëåäóåò, ÷òî
u(t, x′, xn) ÿâëÿåòñÿ ðåøåíèåì êðàåâîé çàäà÷è (2). Ñëåäîâàòåëüíî, ñóùå-

ñòâîâàíèå ðåøåíèÿ äîêàçàíî. Åäèíñòâåííîñòü äîêàçûâàåòñÿ àíàëîãè÷íî,

êàê è â ðàáîòå [11℄.

�

Àâòîð âûðàæàåò ãëóáîêóþ áëàãîäàðíîñòü ä.�.-ì.í. �.Â. Äåìèäåíêî çà

âíèìàíèå è öåííûå ñîâåòû.

Ñïèñîê ëèòåðàòóðû

1. Ñîáîëåâ Ñ. Ë. Èçáðàííûå òðóäû. Ò.1. Óðàâíåíèÿ ìàòåìàòè÷åñêîé

�èçèêè. Âû÷èñëèòåëüíàÿ ìàòåìàòèêà è êóáàòóðíûå �îðìóëû (ðåä.

Äåìèäåíêî �. Â., Âàñêåâè÷ Â. Ë.). Íîâîñèáèðñê: èçä-âî èí-òà Ìàòå-

ìàòèêè, �èëèàë ��åî� èçä-âà ÑÎ �ÀÍ, 2003.

2. Âëàñîâ Â. Ç. Òîíêîñòåííûå óïðóãèå ñòåðæíè. Ìîñêâà�Ëåíèíãðàä :

Ñòðîéèçäàò, 1940.

3. �åðàñèìîâ Ñ. È., Åðî�ååâ Â. È. Çàäà÷è âîëíîâîé äèíàìèêè ýëåìåí-

òîâ êîíñòðóêöèé. Ñàðîâ : Ô�ÓÏ ��ÔßÖ-ÂÍÈÈÝÔ�, 2014.

4. Äåìèäåíêî �. Â., Óñïåíñêèé Ñ. Â. Óðàâíåíèÿ è ñèñòåìû, íå ðàçðå-

øåííûå îòíîñèòåëüíî ñòàðøåé ïðîèçâîäíîé. Íîâîñèáèðñê : Íàó÷íàÿ

êíèãà, 1998.

5. Fedotov I., Volevi
h L. V. The Cau
hy problem for hyperboli
 equations

not resolved with respe
t to the highest time derivative // Russ. J. Math.

Phys. 2006. V. 13, N. 3. P. 278�292.

6. Fedotov I., Shatalov M., Marais J. Hyperboli
 and pseudo-hyperboli


equations in the theory of vibration // A
ta Me
h. 2016. V. 227, N. 11.

P. 3315�3324.

7. Äåìèäåíêî �. Â. Óñëîâèÿ ðàçðåøèìîñòè çàäà÷è Êîøè äëÿ ïñåâäîãè-

ïåðáîëè÷åñêèõ óðàâíåíèé // Ñèá. ìàòåì. æóðí. 2015. Ò. 56, � 6.

Ñ. 1289�1303.

8. Óìàðîâ Õ. �. �àçðóøåíèå è ãëîáàëüíàÿ ðàçðåøèìîñòü çàäà÷è Êîøè

äëÿ ïñåâäîãèïåðáîëè÷åñêîãî óðàâíåíèÿ, ñâÿçàííîãî ñ îáîáùåííûì

óðàâíåíèåì Áóññèíåñêà // Ñèá. ìàòåì. æóðí. 2022. Ò. 63, � 3. Ñ.

672�689.

ISSN 1560-750X

Ìàòåìàòè÷åñêèå òðóäû, 2025, Òîì 28, � 2, C. 102-123

Mat. Trudy, 2025, V. 28, N. 2, P. 102-123



Øåìåòîâà Â.Â. 121

9. Áîíäàðü Ë.Í., Äåìèäåíêî �.Â. Êðàåâûå çàäà÷è äëÿ îäíîãî ïñåâäî-

ãèïåðáîëè÷åñêîãî óðàâíåíèÿ â ÷åòâåðòè ïëîñêîñòè // Ìàòåì. òð.

2021. Ò. 24, � 2. Ñ. 3�23.

10. Bondar L. N., Nurmakhmatov V. On solvability of the boundary value

problem for one pseudohyperboli
 equation // Ñèá. ýëåêòðîí. ìàòåì.

èçâ. 2021. V. 18, N. 2 P. 1046�1057.

11. Øåìåòîâà Â.Â. Îá îäíîé êðàåâîé çàäà÷å äëÿ ïñåâäîãèïåðáîëè÷åñêî-

ãî óðàâíåíèÿ // Ìàòåì. òð. 2023. Ò. 26, � 1. Ñ. 192�207.

12. Øåìåòîâà Â.Â. Íà÷àëüíî-êðàåâàÿ çàäà÷à äëÿ îäíîãî ïñåâäîãèïåðáî-

ëè÷åñêîãî óðàâíåíèÿ ñ íåíóëåâûìè ãðàíè÷íûìè óñëîâèÿìè // Ìà-

òåìàòèêà è òåîðåòè÷åñêèå êîìïüþòåðíûå íàóêè. 2024. Ò. 2, � 2.

Ñ. 107�121.

13. Áåñîâ Î. Â., Èëüèí Â. Ï., Íèêîëüñêèé Ñ. Ì. Èíòåãðàëüíûå ïðåä-

ñòàâëåíèÿ �óíêöèé è òåîðåìû âëîæåíèÿ. Ì : Íàóêà, 1975.

14. Äåìèäåíêî �. Â. Ïðîñòðàíñòâà Ñîáîëåâà è îáîáùåííûå ðåøåíèÿ. Íî-

âîñèáèðñê : �ÈÖ Í�Ó, 2015.

Referen
es

1. Sobolev S.L. Sele
ted works, vol. I: Equations of mathemati
al physi
s,


omputational mathemati
s, and 
ubature formulas (eds G.V.Demidenko

and V.L.Vaskevi
h). Springer, New York, 2006.

2. Vlasov V.Z. Thin-Walled Elasti
 Beams. National S
ien
e Foundation,

Washington, D.C., 1961

3. Gerasimov S.I., Erofeev V.I. Problems of Wave Dynami
s of Stru
tural

Elements. RFNC-VNIIEF, Sarov, 2014.

4. Demidenko G.V., Uspenskii S.V. Partial Di�erential Equations and

Systems not Solvable With Respe
t to the Highest-Order Derivative.

Mar
el Dekker In
., New York, 2003 [in English℄.

5. Fedotov I., Volevi
h L. V. The Cau
hy problem for hyperboli
 equations

not resolved with respe
t to the highest time derivative. Russ. J. Math.

Phys., 2006, V. 13, N. 3, P. 278�292.

6. Fedotov I., Shatalov M., Marais J. Hyperboli
 and pseudo-hyperboli


equations in the theory of vibration. A
ta Me
h., 2016, V. 227, N. 11,

P. 3315�3324.

ISSN 1560-750X

Ìàòåìàòè÷åñêèå òðóäû, 2025, Òîì 28, � 2, C. 102-123

Mat. Trudy, 2025, V. 28, N. 2, P. 102-123



122 Îäíà êðàåâàÿ çàäà÷à äëÿ ïñåâäîãèïåðáîëè÷åñêîãî óðàâíåíèÿ

7. Demidenko G.V. Solvability 
onditions of the Cau
hy problem for

pseudohyperboli
 equations. Sib. Math. J., 2015, V. 56, N. 6, P. 1028�

1041.

8. Umarov K.G. Blow-up and global solvability of the Cau
hy problem

for a pseudohyperboli
 equation related to the generalized Boussinesq

equation. Sib. Math. J., 2022, V. 63, N. 3, P. 559�574.

9. Bondar L.N., Demidenko G.V. Boundary value problems for one pseudo-

hyperboli
 equation in a quarter-plane. Sib. Math. J., 2022, V. 32, N. 1,

P. 13�28.

10. Bondar L. N., Nurmakhmatov V. On solvability of the boundary value

problem for one pseudohyperboli
 equation. Siberian Ele
troni
 Mathe-

mati
al Reports, 2021, V. 18, N. 2, P. 1046�1057

11. Shemetova V.V. On a boundary value problem for a pseudohyperboli


equation. // Sib. Math. J., 2023, V. 33, N. 3, P. 242�252.

12. Shemetova V.V. An initial-boundary value problem for a

pseudohyperboli
 equation with nonzero boundary 
onditions. //

Mathemati
s and Theoreti
al Computer S
ien
e, 2024, V. 2, N. 2, P.

107�121.

13. Besov O.V., Il'in V.P., Nikol'skii S.M. Integral Representations of

Fun
tions and Embedding Theorems, vol. I, II. John Wiley & Sons,

New York-Toronto-London, 1978, 1979.

14. Demidenko G.V. Sobolev Spa
es and Generalized Solutions. Izdat.

Novosib. Gos. Univ., Novosibirsk, 2015

Èí�îðìàöèÿ îá àâòîðå

Âàëåíòèíà Âëàäèìèðîâíà Øåìåòîâà, àñïèðàíò

SPIN 6273-3910 AuthorID: 990862

S
opus Author ID 57205435553

Author Information

Valentina V. Shemetova, graduate student

SPIN 6273-3910 AuthorID: 990862

S
opus Author ID 57205435553

Ñòàòüÿ ïîñòóïèëà â ðåäàêöèþ 16.04.2025;

ISSN 1560-750X

Ìàòåìàòè÷åñêèå òðóäû, 2025, Òîì 28, � 2, C. 102-123

Mat. Trudy, 2025, V. 28, N. 2, P. 102-123



Øåìåòîâà Â.Â. 123

îäîáðåíà ïîñëå ðåöåíçèðîâàíèÿ 01.06.2025; ïðèíÿòà ê ïóáëèêàöèè

11.06.2025

The arti
le was submitted 16.04.2025;

approved after reviewing 01.06.2025; a

epted for publi
ation 11.06.2025

ISSN 1560-750X

Ìàòåìàòè÷åñêèå òðóäû, 2025, Òîì 28, � 2, C. 102-123

Mat. Trudy, 2025, V. 28, N. 2, P. 102-123


