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Àííîòàöèÿ

Â ðàáîòå ðàññìàòðèâàåòñÿ ïåðâàÿ êðàåâàÿ çàäà÷à â öèëèíäðå äëÿ îä-

íîãî óðàâíåíèÿ øåñòîãî ïîðÿäêà, íå ðàçðåøåííîãî îòíîñèòåëüíî ñòàð-

øåé ïðîèçâîäíîé ïî âðåìåíè. Èññëåäóåìîå óðàâíåíèå ÿâëÿåòñÿ ñòðîãî

ïñåâäîãèïåðáîëè÷åñêèì ñ ìëàäøèìè ÷ëåíàìè. Â ðàáîòå äîêàçàíû ñó-

ùåñòâîâàíèå è åäèíñòâåííîñòü îáîáùåííîãî ðåøåíèÿ êðàåâîé çàäà÷è â

àíèçîòðîïíîì ñîáîëåâñêîì ïðîñòðàíñòâå, ïîëó÷åíû îöåíêè íà ðåøåíèå.
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Abstra
t

The paper 
onsiders the �rst boundary value problem in a 
ylinder for one

sixth-order equation not resolved with respe
t to the highest derivative.

Equation under study is a stri
tly pseudohyperboli
 with lower terms. In this

work, the existen
e and uniqueness of a generalized solution to a boundary

value problem in an anisotropi
 Sobolev spa
e is proved, and estimates for

the solution are obtained.
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� 1. Ââåäåíèå è ïðåäâàðèòåëüíûå ñâåäåíèÿ

Â ðàáîòå ðàññìàòðèâàåòñÿ ïåðâàÿ êðàåâàÿ çàäà÷à â öèëèíäðå QT =
{(t, x) ∈ Rn+1

+ : t ∈ (0, T ), x ∈ G ⊂ Rn} äëÿ óðàâíåíèÿ, íå ðàçðåøåííîãî

îòíîñèòåëüíî ñòàðøåé ïðîèçâîäíîé:

(
a0I + a1∆+ a2∆

2
)
D2

tu+
(
b0I + b1∆+ b2∆

2
)
Dtu

+
(
d0I + d1∆+ d2∆

2 + d3∆
3
)
u = f(t, x), (1.1)

ãäå a21 − 4a0a2 < 0, a2b0 ≥ 0, a2b1 ≤ 0, a2b2 ≥ 0, a2d0 ≥ 0, a2d1 ≤ 0, a2d2 ≥ 0,
a2d3 < 0.
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32 Î êðàåâîé çàäà÷å â öèëèíäðå

Óðàâíåíèå (1.1) ïðè a2d3 < 0 îòíîñèòñÿ ê êëàññó ñòðîãî ïñåâäîãèïåðáî-
ëè÷åñêèõ óðàâíåíèé. Ýòîò êëàññ óðàâíåíèé áûë ââåäåí â ìîíîãðà�èè [1℄.

�àññìàòðèâàåìîå óðàâíåíèå â îäíîìåðíîì ñëó÷àå åñòü ëèíåàðèçîâàí-

íàÿ ìîäåëü îáîáùåííîãî óðàâíåíèÿ Áóññèíåñêà (ñì. [2℄), êîòîðîå îïèñûâà-

åò ðàñïðîñòðàíåíèå ïîâåðõíîñòíûõ âîëí â âîäå. Çàäà÷à Êîøè äëÿ íåëè-

íåéíûõ îáîáùåííûõ óðàâíåíèé Áóññèíåñêà èçó÷àëàñü â [3�5℄.

Íàøà öåëü � äîêàçàòåëüñòâî ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè îáîá-

ùåííîãî ðåøåíèÿ ïåðâîé êðàåâîé çàäà÷è â öèëèíäðå äëÿ óðàâíåíèÿ (1.1),

ïîëó÷åíèå îöåíîê íà ðåøåíèå.

� 2. Ïîñòàíîâêà çàäà÷è

�àññìîòðèì ïåðâóþ êðàåâóþ çàäà÷ó äëÿ ïñåâäîãèïåðáîëè÷åñêîãî óðàâ-

íåíèÿ â öèëèíäðå QT =
{
(t, x) ∈ Rn+1

+ : t ∈ (0, T ), x ∈ G ⊂ Rn
}
:





(a0I + a1∆+ a2∆
2)D2

tu+ (b0I + b1∆+ b2∆
2)Dtu

+ (d0I + d1∆+ d2∆
2 + d3∆

3) u = f(t, x),

u

∣∣∣∣
t=0

= ϕ1(x), Dtu

∣∣∣∣
t=0

= ϕ2(x),

u

∣∣∣∣
S
áîê

= 0,
∂u

∂ν

∣∣∣∣
S
áîê

= 0,
∂2u

∂ν2

∣∣∣∣
S
áîê

= 0,

(2.1)

ãäå a21 − 4a0a2 < 0, a2b0 ≥ 0, a2b1 ≤ 0, a2b2 ≥ 0, a2d0 ≥ 0, a2d1 ≤ 0,
a2d2 ≥ 0, a2d3 < 0. Çäåñü G �îãðàíè÷åííàÿ îáëàñòü ñ ãëàäêîé ãðàíèöåé

∂G, ν �åäèíè÷íûé âåêòîð âíåøíåé íîðìàëè ê ∂G,

S
áîê

=
{
(t, x) ∈ QT : t ∈ (0, T ), x ∈ ∂G

}
.

Äëÿ îïðåäåëåííîñòè áóäåì ñ÷èòàòü, ÷òî a2 > 0, òîãäà a0 > 0, b0 ≥ 0,
b1 ≤ 0, b2 ≥ 0, d0 ≥ 0, d1 ≤ 0, d2 ≥ 0 è d3 < 0. Ïîñêîëüêó ïî óñëîâèþ

a1 − 2
√
a0a2 < 0, òî óäîáíåå óðàâíåíèå ïåðåïèñàòü â âèäå:

(√
a0I +

√
a2∆

)2
D2

tu+
(
a1 − 2

√
a0a2

)
∆D2

tu+
(
b0I + b1∆+ b2∆

2
)
Dtu

+
(
d0I + d1∆+ d2∆

2 + d3∆
3
)
u = f(t, x).

Ïðåäïîëîæèì, ÷òî ñóùåñòâóåò êëàññè÷åñêîå ðåøåíèå çàäà÷è (2.1): �óíê-

öèÿ u(t, x) ∈ C2,6(QT ). Òîãäà èìååò ìåñòî òîæäåñòâî:
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(√
a0I +

√
a2∆

)2
D2

tu(t, x) +
(
a1 − 2

√
a0a2

)
∆D2

tu(t, x)

+ (b0I + b1∆+ b2∆
2)Dtu(t, x) + (d0I + d1∆+ d2∆

2)u(t, x)

+d3∆
3u(t, x) ≡ f(t, x), (t, x) ∈ QT .

(2.2)

Óìíîæèì òîæäåñòâî íà ïðîèçâîëüíóþ �óíêöèþ v(t, x) ∈ W
1,3
2 (QT ),

òàêóþ, ÷òî ñóùåñòâóþò îáîáùåííûå ïðîèçâîäíûå Dt∆v(t, x) â QT ,

Dt∆v(t, x) ∈ L2(QT ),

è óäîâëåòâîðþùóþ óñëîâèÿì:

v

∣∣∣∣
t=T

= 0, v

∣∣∣∣
S
áîê

= 0,
∂v

∂ν

∣∣∣∣
S
áîê

= 0,
∂2v

∂ν2

∣∣∣∣
S
áîê

= 0, (2.3)

è ïðåäñòàâèì ïîëó÷åííîå òîæäåñòâî â âèäå

DtA(t, x) + divxB(t, x) + C(t, x) ≡ f(t, x)v(t, x). (2.4)

Çäåñü

A(t, x) =
(√

a0I +
√
a2∆

)2
Dtu(t, x)v(t, x)

+
(
a1 − 2

√
a0a2

)
∆Dtu(t, x)v(t, x), (2.5)

B(t, x) = −√
a2∇

((√
a0I +

√
a2∆

)
Dtu(t, x)

)
Dtv(t, x)

+
√
a2
(√

a0I +
√
a2∆

)
Dtu(t, x)∇Dtv(t, x)

−
(
a1 − 2

√
a0a2

)
∇Dtu(t, x)Dtv(t, x) + b1∇Dtu(t, x)v(t, x)

+b2
(
∇Dt∆u(t, x)v(t, x)−Dt∆u(t, x)∇v(t, x)

)
+ d1∇u(t, x)v(t, x)

+d2
(
∇∆u(t, x)v(t, x)−∆u(t, x)∇v(t, x)

)
+ d3

(
∇∆2u(t, x)v(t, x)

−∆2u(t, x)∇v(t, x) +∇∆u(t, x)∆v(t, x)
)
, (2.6)

C(t, x) = −
(√

a0I +
√
a2∆

)
Dtu(t, x)

(√
a0I +

√
a2∆

)
Dtv(t, x)

+
(
a1 − 2

√
a0a2

)
∇Dtu(t, x)∇Dtv(t, x) + b0Dtu(t, x)v(t, x)

−b1∇Dtu(t, x)∇v(t, x) + b2Dt∆u(t, x)∆v(t, x)

+d0u(t, x)v(t, x)− d1∇u(t, x)∇v(t, x)

+d2∆u(t, x)∆v(t, x)− d3∇∆u(t, x)∇∆v(t, x). (2.7)
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34 Î êðàåâîé çàäà÷å â öèëèíäðå

Ïðîèíòåãðèðóåì òîæäåñòâî (2.4) ïî öèëèíäðó QT è âîñïîëüçóåìñÿ �îð-

ìóëîé �àóññà�Îñòðîãðàäñêîãî, áóäåì èìåòü

∫

G

[
A(t, x)|t=T −A(t, x)|t=0

]
dx+

∫ T

0

∫

∂G

B(t, x) · ν dSdt

+

∫

QT

C(t, x) dx ≡
∫

QT

f(t, x)v(t, x) dx, x = (t, x). (2.8)

Èñïîëüçóÿ óñëîâèÿ çàäà÷è (2.1), óñëîâèÿ (2.3), à òàêæå îïðåäåëåíèÿ A(t, x)
èç (2.5), B(t, x) èç (2.6), èìååì

∫

G

[
A(t, x)|t=T −A(t, x)|t=0

]
dx = −

∫

G

(√
a0I +

√
a2∆

)2
ϕ2(x)v(0, x) dx

−
(
a1 − 2

√
a0a2

) ∫

G

∆ϕ2(x)v(0, x) dx

= −
∫

G

(√
a0I +

√
a2∆

)
ϕ2(x)

(√
a0I +

√
a2∆

)
v(0, x) dx

+
(
a1 − 2

√
a0a2

) ∫

G

∇ϕ2(x)∇v(0, x) dx,

ãäå v(0, x) = v|t=0 � ñëåä �óíêöèÿ v(t, x) ∈ W
1,3
2 (QT ),

B(t, x)|x∈∂G = 0.

Òîãäà òîæäåñòâî (2.8) ïðèìåò âèä

∫

QT

C(x) dx ≡
∫

QT

f(x)v(x) dx

+

∫

G

(√
a0I +

√
a2∆

)
ϕ2(x)

(√
a0I +

√
a2∆

)
v(0, x) dx

−
(
a1 − 2

√
a0a2

) ∫

G

∇ϕ2(x)∇v(0, x) dx, x = (t, x).

Ó÷èòûâàÿ îïðåäåëåíèå C(t, x) èç (2.7), áóäåì èìåòü

∫

QT

(
−
(√

a0I +
√
a2∆

)
Dtu

(√
a0I +

√
a2∆

)
Dtv

+
(
a1 − 2

√
a0a2

)
∇Dtu∇Dtv + b0Dtuv − b1∇Dtu∇v + b2Dt∆u∆v

+d0uv − d1∇u∇v + d2∆u∆v − d3∇∆u∇∆v
)
dx
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=

∫

QT

fv dx+

∫

G

(√
a0I +

√
a2∆

)
ϕ2(x)

(√
a0I +

√
a2∆

)
v(0, x) dx

−
(
a1 − 2

√
a0a2

) ∫

G

∇ϕ2(x)∇v(0, x) dx, x = (t, x). (2.9)

Îáîçíà÷èì ÷åðåç

W
1,3
2,add(QT ) =

{
u(t, x) ∈ W

1,3
2 (QT ) : ∃Dt∆u(t, x) ∈ L2(QT )

}
.

Ñ�îðìóëèðóåì îïðåäåëåíèå îáîáùåííîãî ðåøåíèÿ çàäà÷è (2.1).

Îïðåäåëåíèå 1. Ïóñòü �óíêöèè f(t, x) ∈ L2(QT ), ϕ1(x) ∈ W̊ 3
2 (G),

ϕ2(x) ∈ W̊ 2
2 (G). Òîãäà u(t, x) ∈ W

1,3
2,add(QT ) òàêàÿ, ÷òî

u

∣∣∣∣
t=0

= ϕ1(x), u

∣∣∣∣
S
áîê

= 0,
∂u

∂ν

∣∣∣∣
S
áîê

= 0,
∂2u

∂ν2

∣∣∣∣
S
áîê

= 0, (2.10)

íàçûâàåòñÿ îáîáùåííûì ðåøåíèåì ïåðâîé êðàåâîé çàäà÷è (2.1), åñëè äëÿ

ëþáîé v(t, x) ∈ W
1,3
2,add(QT ), óäîâëåòâîðÿþùåé (2.3), èìååò ìåñòî (2.9).

� 3. Òåîðåìà åäèíñòâåííîñòè

Òåîðåìà 1. Êðàåâàÿ çàäà÷à (2.1) íå ìîæåò èìååòü áîëåå îäíîãî îáîá-

ùåííîãî ðåøåíèÿ.

Äîêàçàòåëüñòâî òåîðåìû ïðîâåäåì îò ïðîòèâíîãî. Ïðåäïîëîæèì, ÷òî

ñóùåñòâóåò äâà îáîáùåííîãî ðåøåíèÿ çàäà÷è (2.1): u1(t, x) 6≡ u2(t, x). Òîãäà
u(t, x) = u1(t, x)− u2(t, x) ∈ W

1,3
2,add(QT ) � îáîáùåííîå ðåøåíèå çàäà÷è:





(
a0I + a1∆+ a2∆

2
)
D2

tu+
(
b0I + b1∆+ b2∆

2
)
Dtu

+
(
d0I + d1∆+ d2∆

2 + d3∆
3
)
u = 0,

u

∣∣∣∣
t=0

= 0, Dtu

∣∣∣∣
t=0

= 0,

u

∣∣∣∣
S
áîê

= 0,
∂u

∂ν

∣∣∣∣
S
áîê

= 0,
∂2u

∂ν2

∣∣∣∣
S
áîê

= 0.

(3.1)

Ïðè ýòîì èç (2.9) ïîëó÷èì:

∫

QT

(
−
(√

a0I +
√
a2∆

)
Dtu

(√
a0I +

√
a2∆

)
Dtv

+
(
a1 − 2

√
a0a2

)
∇Dtu∇Dtv + b0Dtuv − b1∇Dtu∇v + b2Dt∆u∆v
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36 Î êðàåâîé çàäà÷å â öèëèíäðå

+d0uv − d1∇u∇v + d2∆u∆v − d3∇∆u∇∆v
)
dx = 0, x = (t, x), (3.2)

äëÿ ëþáîãî v(t, x) ∈ W
1,3
2,add(QT ),

v

∣∣∣∣
t=T

= 0, v

∣∣∣∣
S
áîê

=
∂v

∂ν

∣∣∣∣
S
áîê

=
∂2v

∂ν2

∣∣∣∣
S
áîê

= 0.

Äàëåå áóäåì ñëåäîâàòü ñõåìå èç [6, 7℄. Çà�èêñèðóåì ïðîèçâîëüíîå τ ∈
(0, T ) è âîçüì¼ì â êà÷åñòâå �óíêöèè v ñëåäóþùóþ:

v(t, x) =





∫ τ

t
u(s, x)ds, t ∈ (0, τ),

0, t ∈ (τ, T ).

Íåòðóäíî ïðîâåðèòü, ÷òî v(t, x) ∈ W
1,3
2,add(QT ), ïðè÷¼ì

Dtv(t, x) =






−u(t, x), t ∈ (0, τ),

0, t ∈ (τ, T ),

Dxi
v(t, x) =





∫ τ

t
Dxi

u(s, x)ds, t ∈ (0, τ),

0, t ∈ (τ, T ).

Î÷åâèäíî òàêæå, ÷òî

v

∣∣∣∣
t=T

= 0, v

∣∣∣∣
S
áîê

=
∂v

∂ν

∣∣∣∣
S
áîê

=
∂2v

∂ν2

∣∣∣∣
S
áîê

= 0.

Ïîäñòàâèì óêàçàííóþ �óíêöèþ v â (3.2), èíòåãðèðóÿ ïî ÷àñòÿì ïî

ïåðåìåííîé t íåêîòîðûå ñëàãàåìûå, áóäåì èìåòü:

∫ τ

0

∫

G

[
Dt

[(√
a0I +

√
a2∆

)
u
]2

−
(
a1 − 2

√
a0a2

)
Dt|∇u(t, x)|2 + 2b0(u(t, x))

2

−2b1|∇u(t, x)|2 + 2b2(∆u(t, x))2 − d0Dt

(∫ τ

t

u(s, x)ds

)2

+d1Dt

∣∣∣∣
∫ τ

t

∇u(s, x)ds

∣∣∣∣
2

− d2Dt

(∫ τ

t

∆u(s, x)ds

)2

+d3Dt

∣∣∣∣
∫ τ

t

∇∆u(s, x)ds

∣∣∣∣
2
]
dx dt = 0. (3.3)
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Ó÷èòûâàÿ, ÷òî u
∣∣
t=0

= 0, èç (3.3) ïîëó÷èì

∫

G

((√
a0I +

√
a2∆

)
u(τ, x)

)2
dx−

(
a1 − 2

√
a0a2

) ∫

G

|∇u(τ, x)|2 dx

+2b0

∫

G

∫ τ

0

(u(t, x))2dt dx− 2b1

∫

G

∫ τ

0

|∇u(t, x)|2 dt dx

+2b2

∫

G

∫ τ

0

(∆u(t, x))2 dt dx+ d0

∫

G

(∫ τ

0

u(t, x) dt

)2

dx

−d1

∫

G

∣∣∣∣
∫ τ

0

∇u(t, x dt

∣∣∣∣
2

dx+ d2

∫

G

(∫ τ

0

∆u(t, x)dt

)2

dx

−d3

∫

G

∣∣∣∣
∫ τ

0

∇∆u(t, x)dt

∣∣∣∣
2

dx = 0.

Â ñèëó óñëîâèé íà êîý��èöèåíòû a1 − 2
√
a0a2 < 0, b0, b2, d0, d2 ≥ 0,

b1, d1 ≤ 0, d3 < 0. Îòñþäà èìååì

∫

G

(
Dxi

u(τ, x)
)2
dx = 0, i = 1, . . . , n.

Ñëåäîâàòåëüíî, Dxi
u(τ, x) = 0 ïî÷òè âñþäó â G äëÿ i = 1, . . . , n. Òàê êàê

u|S
áîê

= 0 è u(t, x) ∈ W
1,3
2,add(QT ), â ñèëó ïðîèçâîëüíîñòè τ ∈ (0, T ) ïîëó÷àåì

u(τ, x) = 0 ïî÷òè âñþäó â QT . Ïðîòèâîðå÷èå.

� 4. Òåîðåìà ñóùåñòâîâàíèÿ

Òåîðåìà 2. Ïóñòü f(t, x) ∈ L2(QT ), ϕ1(x) ∈ W̊ 3
2 (G), ϕ2(x) ∈ W̊ 2

2 (G).
Òîãäà êðàåâàÿ çàäà÷à (2.1) èìååò åäèíñòâåííîå îáîáùåííîå ðåøåíèå u(t, x)
èç W

1,3
2,add(QT ), ïðè ýòîì

‖u(t, x),W 1,3
2 (QT )‖+ ‖Dt∆u(t, x), L2(QT )‖ ≤ c

(
‖f(t, x), L2(QT )‖

+‖ϕ1(x),W
3
2 (G)‖+ ‖ϕ2(x),W

2
2 (G)‖

)
. (4.1)

ãäå c > 0 � êîíñòàíòà, íå çàâèñÿùàÿ îò f , ϕ1, ϕ2.

Äîêàçàòåëüñòâî ñóùåñòâîâàíèÿ îáîáù¼ííîãî ðåøåíèÿ êðàåâîé çàäà÷è

(2.1) áóäåì ïðîâîäèòü ïî èçâåñòíîé ñõåìå, ñòðîÿ ïîñëåäîâàòåëüíîñòü ïðè-

áëèæ¼ííûõ ðåøåíèé ìåòîäîì �àë¼ðêèíà (ñì., íàïðèìåð, [6�8℄). Îòìåòèì,

÷òî â ñèëó òåîðåìû 1 äîñòàòî÷íî ðàññìîòðåòü ñëó÷àé, êîãäà

‖f(t, x), L2(QT )‖+ ‖ϕ1(x),W
3
2 (G)‖+ ‖ϕ2(x),W

2
2 (G)‖ 6= 0.
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Îòìåòèì, ÷òî ïîñêîëüêó a1 − 2
√
a0a2 < 0, òî äàëåå äëÿ óäîáñòâà ïðî-

ñòðàíñòâî W̊ 2
2 (G) áóäåì ðàññìàòðèâàòü êàê ãèëüáåðòîâî ïðîñòðàíñòâî ñ

íîðìîé

‖u, W̊ 2
2 (G)‖2 =

∫

G

|(√a0I +
√
a2∆)u(x)|2dx−

(
a1 − 2

√
a0a2

)∫

G

|∇u(x)|2dx,

ïîðîæäåííîé ñêàëÿðíûì ïðîèçâåäåíèåì

〈u, v〉W̊ 2

2
(G) =

∫

G

(
√
a0I +

√
a2∆)u(x)(

√
a0I +

√
a2∆)v(x)dx

−
(
a1 − 2

√
a0a2

)∫

G

∇u(x)∇v(x)dx. (4.2)

Ïóñòü {vp(x)} � áàçèñ â W̊ 3
2 (G), îðòîíîðìèðîâàííûé â W̊ 2

2 (G). Ìîæíî

ñ÷èòàòü, ÷òî vp(x) ∈ C∞

0 (G).
Ïîñëåäîâàòåëüíîñòü ïðèáëèæ¼ííûõ ðåøåíèé um(t, x) áóäåì èñêàòü â

âèäå

um(t, x) =

m∑

p=1

cmp (t)vp(x), (4.3)

ïðè ýòîì êîý��èöèåíòû cmp (t) ∈ W 2
2 (0, T ) îïðåäåëÿþòñÿ ñëåäóþùèìè ñî-

îòíîøåíèÿìè:

∫

G

[(√
a0I +

√
a2∆

)2
D2

tu
m+

(
a1−2

√
a0a2

)
∆D2

t u
m+(b0I + b1∆+ b2∆

2)Dtu
m

+(d0I + d1∆+ d2∆
2 + d3∆

3)um

]
vk(x)dx =

∫

G

f(t, x)vk(x) dx, (4.4)

k = 1, . . . , m, è íà÷àëüíûìè óñëîâèÿìè

cmp
∣∣
t=0

= ϕm
p , (4.5)

ãäå ϕm
p � êîý��èöèåíòû â ïðåäñòàâëåíèè �óíêöèé

ϕm
1 (x) =

m∑

p=1

ϕm
p vp(x), (4.6)

òàêèõ, ÷òî

‖ϕm
1 (x)− ϕ1(x),W

3
2 (G)‖ → 0, m → ∞, (4.7)

Dtc
m
p (t)

∣∣
t=0

= 〈ϕ2(x), vp(x)〉W̊ 2

2
(G). (4.8)
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Ïîäñòàâëÿÿ â (4.4) �óíêöèè um(t, x) èç (4.3), ïðèìåíÿÿ �îðìóëó �àóñ-
ñà�Îñòðîãðàäñêîãî ê íåêîòîðûì ñëàãàåìûì, ó÷èòûâàÿ îïðåäåëåíèå (4.2),

áóäåì èìåòü

m∑

p=1

D2
t c

m
p (t)〈vp(x), vk(x)〉W̊ 2

2
(G)

+

m∑

p=1

Dtc
m
p (t)

∫

G

(
b0vp(x)vk(x)− b1∇vp(x)∇vk(x) + b2∆vp(x)∆vk(x)

)
dx

+

m∑

p=1

cmp (t)

∫

G

(
d0vp(x)vk(x)− d1∇vp(x)∇vk(x) + d2∆vp(x)∆vk(x)

−d3∇∆vp(x)∇∆vk(x)

)
dx =

∫

G

f(t, x)vk(x)dx, k = 1, . . . , m. (4.9)

Ó÷èòûâàÿ, ÷òî 〈vp(x), vk(x)〉W̊ 2

2
(G) = δpk, p, k = 1, . . . , m, δpk � ñèìâîë Êðî-

íåêåðà, ââîäÿ îáîçíà÷åíèÿ

bkp =

∫

G

(
b0vp(x)vk(x)− b1∇vp(x)∇vk(x) + b2∆vp(x)∆vk(x)

)
dx,

dkp =

∫

G

(
d0vp(x)vk(x)− d1∇vp(x)∇vk(x) + d2∆vp(x)∆vk(x)

−d3∇∆vp(x)∇∆vk(x)

)
dx,

B = (bkp), D = (dkp),

Fm(t) =

(
F1(t), . . . , Fm(t)

)T

, cm(t) =

(
cm1 (t), . . . , c

m
m(t)

)T

,

ãäå

Fk(t) =

∫

G

f(t, x)vk(x)dx,

ñîîòíîøåíèÿ (4.9) ìîæíî ïåðåïèñàòü â âèäå

D2
t c

m(t) +BDtc
m(t) +Dcm(t) = Fm(t),

ïðè÷åì, êàê ñëåäóåò èç îïðåäåëåíèÿ um(t, x),

cm(0) = cm,0 =

(
ϕm
1 , . . . , ϕ

m
m

)T

,
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40 Î êðàåâîé çàäà÷å â öèëèíäðå

Dtc
m(0) = cm,1 =

(
〈ϕ2(x), v1(x)〉W̊ 2

2
(G), . . . , 〈ϕ2(x), vm(x)〉W̊ 2

2
(G)

)T

.

Èòàê, äëÿ íàõîæäåíèÿ âåêòîð-�óíêöèè cm(t) ïîëó÷èëè çàäà÷ó Êîøè:

{
D2

t c
m(t) +BDtc

m(t) +Dcm(t) = Fm(t),
cm(0) = cm,0, Dtc

m(0) = cm,1.
(4.10)

Ïîñêîëüêó âåêòîð-�óíêöèÿ Fm(t) èìååò êîìïîíåíòû èç L2(0, T ), òî íåò-

ðóäíî ïîêàçàòü, ÷òî ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷è Êîøè (4.10)

� âåêòîð-�óíêöèÿ cmp (t) ∈ W 2
2 (0, T ), è ïîñëåäîâàòåëüíîñòü ãàë¼ðêèíñêèõ

ïðèáëèæåíèé um(t, x) êîððåêòíî îïðåäåëåíà.
Ëåììà 1. Äëÿ ëþáîãî íàòóðàëüíîãî m âûïîëíÿåòñÿ îöåíêà

[ ∫

G

∣∣∣∣ (
√
a0I +

√
a2∆)Dtu

m(t, x)

∣∣∣∣
2

dx

−
(
a1 − 2

√
a0a2

)∫

G

∣∣∣∣Dt∇um(t, x)

∣∣∣∣
2

dx

−d3

∫

G

∣∣∣∣∇∆um(t, x)

∣∣∣∣
2

dx

] 1

2

6 c

(∫ t

0

‖f(τ, x), L2(G)‖dτ

+‖ϕm
1 (x),W

3
2 (G)‖+ ‖ϕ2(x),W

2
2 (G)‖

)
, (4.11)

ãäå c > 0�êîíñòàíòà, íå çàâèñÿùàÿ îò m, f , ϕm
1 , ϕ2.

Äîêàçàòåëüñòâî. Óìíîæàÿ k-å ñîîòíîøåíèå (4.4) íà Dtc
m
k è ñóììèðóÿ

ïî îò 1 äî m, ñ ó÷¼òîì îïðåäåëåíèÿ �óíêöèè um(t, x) ïîëó÷èì

∫

G

[(√
a0I +

√
a2∆

)2
D2

tu
m+

(
a1−2

√
a0a2

)
∆D2

t u
m+(b0I + b1∆+ b2∆

2)Dtu
m

+(d0I + d1∆+ d2∆
2 + d3∆

3)um

]
Dtu

mdx =

∫

G

fDtu
m dx.

Âîñïîëüçóåìñÿ �îðìóëîé �àóññà � Îñòðîãðàäñêîãî, ó÷èòûâàÿ ðàâåíñòâà

um(t, x)

∣∣∣∣
S
áîê

= Dxi
um(t, x)

∣∣∣∣
S
áîê

= D2
xixj

um(t, x)

∣∣∣∣
S
áîê

= 0, i, j = 1, . . . , n,

áóäåì èìåòü ∫

G

Dt

[(√
a0I +

√
a2∆

)
Dtu

m
]2
dx
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−
(
a1 − 2

√
a0a2

) ∫

G

Dt

(∣∣∣Dt∇um
∣∣∣
2
)

dx

+2b0

∫

G

∣∣∣Dtu
m
∣∣∣
2

dx− 2b1

∫

G

∣∣∣Dt∇um
∣∣∣
2

dx

+2b2

∫

G

∣∣∣Dt∆um
∣∣∣
2

dx+ d0

∫

G

Dt

(∣∣um
∣∣2
)
dx

−d1

∫

G

Dt

(∣∣∇um
∣∣2
)
dx+ d2

∫

G

Dt

(∣∣∆um
∣∣2
)
dx

−d3

∫

G

Dt

(∣∣∇∆um
∣∣2
)
dx = 2

∫

G

f(t, x)Dtu
m dx.

Ïðîèíòåãðèðóåì îò 0 äî t, áóäåì èìåòü

∫

G

∣∣∣
(√

a0I +
√
a2∆

)
Dtu

m(t, x)
∣∣∣
2

dx−
(
a1 − 2

√
a0a2

) ∫

G

∣∣∣Dt∇um(t, x)
∣∣∣
2

dx

+2b0

∫ t

0

∫

G

∣∣∣Dτu
m(τ, x)

∣∣∣
2

dx dτ − 2b1

∫ t

0

∫

G

∣∣∣Dτ∇um(τ, x)
∣∣∣
2

dx dτ

+2b2

∫ t

0

∫

G

∣∣∣Dτ∆um(τ, x)
∣∣∣
2

dx dτ + d0

∫

G

∣∣um(t, x)
∣∣2 dx

−d1

∫

G

∣∣∇um(t, x)
∣∣2 dx+ d2

∫

G

∣∣∆um(t, x)
∣∣2 dx− d3

∫

G

∣∣∇∆um(t, x)
∣∣2 dx

= 2

∫ t

0

∫

G

f(τ, x)Dτu
m dx dτ +

∫

G

∣∣∣
(√

a0I +
√
a2∆

)
Dtu

m(0, x)
∣∣∣
2

dx

−
(
a1 − 2

√
a0a2

) ∫

G

∣∣∣Dt∇um(0, x)
∣∣∣
2

dx

+d0

∫

G

∣∣um(0, x)
∣∣2 dx− d1

∫

G

∣∣∇um(0, x)
∣∣2 dx

+d2

∫

G

∣∣∆um(0, x)
∣∣2 dx− d3

∫

G

∣∣∇∆um(0, x)
∣∣2 dx.

Îòñþäà â ñèëó íåðàâåíñòâà �¼ëüäåðà è íåðàâåíñòâà �ðîíóîëëà, ó÷èòûâàÿ,

÷òî b0 ≥ 0, b1 ≤ 0, b2 ≥ 0, d0 ≥ 0, d1 ≤ 0, d2 ≥ 0 è d3 < 0 èìååì

[∥∥∥Dtu
m(t, x), W̊ 2

2 (G)
∥∥∥
2

− d3

∫

G

∣∣∇∆um(t, x)
∣∣2 dx

] 1

2

≤ c

(∫ t

0

∥∥f(τ, x), L2(G)
∥∥dτ +

∥∥∥um(0, x),W 3
2 (G)

∥∥∥+
∥∥∥Dtu

m(0, x),W 2
2 (G)

∥∥∥
)
,
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ãäå c > 0�êîíñòàíòà, íå çàâèñÿùàÿ îò m, f . Ñëåäîâàòåëüíî, ó÷èòûâàÿ

îïðåäåëåíèÿ (4.5)�(4.8), ñâîéñòâà ñèñòåìû �óíêöèé vp è íåðàâåíñòâî Áåñ-

ñåëÿ, ïîëó÷èì îöåíêó (4.11). Ëåììà äîêàçàíà.

Îòìåòèì, ÷òî èç îöåíêè (4.11) è óñëîâèé (4.6), (4.7) ñëåäóåò, ÷òî ñóùå-

ñòâóåò íàòóðàëüíîå ÷èñëî m0, òàêîå, ÷òî ïðè m > m0 âûïîëíÿåòñÿ íåðà-

âåíñòâî

[∥∥∥Dtu
m(t, x), W̊ 2

2 (G)|Bigr‖2 − d3

∫

G

∣∣∇∆um(t, x)
∣∣2 dx

] 1

2

≤ c

(∫ t

0

∥∥f(τ, x), L2(G)
∥∥dτ +

∥∥∥ϕ1(x),W
3
2 (G)

∥∥∥+
∥∥∥ϕ2(x),W

2
2 (G)

∥∥∥
)
.

Ó÷èòûâàÿ íåðàâåíñòâî Ñòåêëîâà, óñëîâèÿ íà êîý��èöèåíòû óðàâíå-

íèÿ, íåðàâåíñòâî �åëüäåðà, áóäåì èìåòü ïðè m ≥ m0, t ∈ [0, T ],

(∥∥∥Dtu
m(t, x), L2(G)

∥∥∥
2

+
∥∥∥Dt∆um(t, x), L2(G)

∥∥∥
2

+
∥∥∥um(t, x),W 3

2 (G)
∥∥∥
2
)1/2

≤ c(G, T )
(∥∥f(t, x), L2(QT )

∥∥+
∥∥ϕ1(x),W

3
2 (G)

∥∥+
∥∥ϕ2(x),W

2
2 (G)

∥∥) .
Ïðîèíòåãðèðóåì ýòî íåðàâåíñòâî ïî t îò 0 äî T . Ïîëó÷èì

∥∥∥um(t, x),W 1,3
2 (QT )

∥∥∥+
∥∥∥Dt∆um(t, x), L2(QT )

∥∥∥

≤ c(G, T )
(∥∥f(t, x), L2(QT )

∥∥+
∥∥ϕ1(x),W

3
2 (G)

∥∥+
∥∥ϕ2(x),W

2
2 (G)

∥∥) . (4.12)

Ïîñêîëüêó èç ëþáîé îãðàíè÷åííîé â L2(QT ) ïîñëåäîâàòåëüíîñòè ìîæ-

íî èçâëå÷ü ïîäïîñëåäîâàòåëüíîñòü, ñëàáî ñõîäÿùóþñÿ ê �óíêöèè èç ïðî-

ñòðàíñòâà L2(QT ) (ñì., íàïðèìåð, [9, 10℄), òî, ó÷èòûâàÿ òåîðåìó î ñëàáîé

çàìêíóòîñòè îïåðàòîðà îáîáù¼ííîãî äè��åðåíöèðîâàíèÿ (ñì., íàïðèìåð,

[7℄), ïîëó÷èì, ÷òî èç {um}, ìîæíî âûäåëèòü ïîäïîñëåäîâàòåëüíîñòü, ñõî-
äÿùóþñÿ ñëàáî â W

1,3
2,add(QT ) ê íåêîòîðîé �óíêöèè u ∈ W

1,3
2,add(QT ). Áóäåì

îáîçíà÷àòü ýòó ïîäïîñëåäîâàòåëüíîñòü òàêæå {um}.
Èçó÷èì íåêîòîðûå ñâîéñòâà ïðåäåëüíîé �óíêöèè u(t, x).
Èñïîëüçóÿ òåîðåìó Ìàçóðà (ñì., [11℄) è ñëàáî ñõîäÿùóþñÿ ãàë¼ðêèí-

ñêóþ ïîñëåäîâàòåëüíîñòü {umi}, ïîñòðîèì ñèëüíî ñõîäÿùóþñÿ ïîñëåäîâà-

òåëüíîñòü {ũN} âûïóêëûõ êîìáèíàöèé:

ũN(t, x) =
N∑

i=m0

λi,Nu
i(t, x), λi,N > 0,

N∑

i=m0

λi,N = 1, (4.13)

‖ũN(t, x)− u(t, x),W 1,3
2 (QT )‖ → 0, N → ∞, (4.14)

ISSN 1560-750X

Ìàòåìàòè÷åñêèå òðóäû, 2024, Òîì 27, � 3, C. 30-51

Mat. Trudy, 2024, V. 27, N. 3, P. 30-51



Áîíäàðü Ë.Í., Ìà Ñ. 43

∥∥Dt∆ũN(t, x)−Dt∆u(t, x), L2(QT )
∥∥→ 0, N → ∞, (4.15)

Èç îïðåäåëåíèÿ (4.13) è â ñèëó íåðàâåíñòâà (4.12) äëÿ ëþáîãî N ñëåäóåò

∥∥ũN(t, x),W 1,3
2 (QT )

∥∥+
∥∥Dt∆ũN(t, x), L2(QT )

∥∥ ≤ c1
(∥∥f(t, x), L2(QT )

∥∥

+
∥∥ϕ1(x),W

3
2 (G)

∥∥+
∥∥ϕ2(x),W

2
2 (G)

∥∥) .
Ïîýòîìó, ó÷èòûâàÿ (4.14)�(4.15), äëÿ �óíêöèè u(t, x) ïîëó÷àåì îöåíêó

(4.1).

Èç (4.13) âûòåêàåò òàêæå

ũN
∣∣
S
áîê

= Dxi
ũN
∣∣
S
áîê

= D2
xixj

ũN
∣∣
S
áîê

= 0,

äëÿ ëþáûõ i, j = 1, . . . , n. Ïîýòîìó, ó÷èòûâàÿ òåîðåìó î ñëåäàõ äëÿ àíèçî-
òðîïíûõ ñîáîëåâñêèõ ïðîñòðàíñòâ (ñì., íàïðèìåð, [12℄), áóäåì ïðè |β| 6 2
èìåòü

∥∥Dβ
x ũ

N(t, x)−Dβ
xu(t, x), L2(Sáîê

)
∥∥ 6 c

∥∥ũN(t, x)− u(t, x),W 1,3
2 (QT )

∥∥,

ñëåäîâàòåëüíî, â ñèëó (4.13) ïðåäåëüíàÿ �óíêöèÿ u(t, x) èìååò íóëåâîé

ñëåä

u

∣∣∣∣
S
áîê

=
∂u

∂ν

∣∣∣∣
S
áîê

=
∂2u

∂ν2

∣∣∣∣
S
áîê

= 0. (4.16)

Äëÿ äîêàçàòåëüñòâà òîãî, ÷òî

u
∣∣
t=0

= ϕ1(x), (4.17)

íàì ïîíàäîáèòñÿ ñëåäóþùàÿ ëåììà:

Ëåììà 2. Åñëè v(t, x) ∈ W
1,3
2 (QT ), òî äëÿ ëþáîãî τ ∈ (0, T ) ñïðàâåä-

ëèâî íåðàâåíñòâî

‖v(0, x), L2(G)‖2 6 2

τ

∫ τ

0

∫

G

∣∣v(s, x)
∣∣2dx ds+ τ

∫ τ

0

∫

G

∣∣Dsv(s, x)
∣∣2dx ds.

(4.18)
Äîêàçàòåëüñòâî. Î÷åâèäíî, íåðàâåíñòâî (4.18) äîñòàòî÷íî äîêàçàòü

äëÿ �óíêöèé v(t, x) ∈ C∞(QT ).
Â ñèëó �îðìóëû Íüþòîíà �Ëåéáíèöà èìååì

∫

G

|v(0, x)|2 dx =

∫

G

∣∣∣∣v(t, x)−
∫ t

0

Dsv(s, x) ds

∣∣∣∣
2

dx

è èíòåãðèðóÿ ïî èíòåðâàëó (0, τ), ïîëó÷èì

τ

∫

G

|v(0, x)|2 dx =

∫ τ

0

∫

G

∣∣∣∣v(t, x)−
∫ t

0

Dsv(s, x) ds

∣∣∣∣
2

dx dt.
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Îòñþäà, î÷åâèäíî,

τ

∫

G

|v(0, x)|2dx 6 2

∫ τ

0

∫

G

|v(t, x)|2dx dt+ 2

∫ τ

0

∫

G

∣∣∣∣
∫ t

0

Dsv(s, x)ds

∣∣∣∣
2

dx dt.

Ïðèìåíÿÿ íåðàâåíñòâî �åëüäåðà è èíòåãðèðóÿ ïî ÷àñòÿìè ïî t âî âòîðîì

ñëàãàåìîì, ïîëó÷àåì

τ

∫

G

|v(0, x)|2dx 6 2

∫ τ

0

∫

G

|v(t, x)|2dx dt+2

∫ τ

0

∫

G

t

(∫ t

0

|Dsv(s, x)|2ds
)
dx dt

= 2

∫ τ

0

∫

G

|v(t, x)|2ds dx+

(
t2
∫

G

∫ t

0

|Dsv(s, x)|2dsdx
)∣∣∣∣

τ

0

−
∫ τ

0

t2
∫

G

|Dtv(t, x)|2dxdt.

Ñëåäîâàòåëüíî, èìååì

τ

∫

G

|v(0, x)|2dx 6 2

∫ τ

0

∫

G

|v(t, x)|2dx dt+ τ 2
∫ τ

0

∫

G

|Dsv(s, x)|2dxds.

Îòñþäà âûòåêàåò íåðàâåíñòâî (4.18). Ëåììà äîêàçàíà.

Äîêàæåì òåïåðü ñëåäóþùåå ñâîéñòâî äëÿ ñëåäà ïðåäåëüíîé �óíêöèè

u(t, x) íà íèæíåì îñíîâàíèè öèëèíäðà QT :

‖um(0, x)− u(0, x), L2(G)‖ → 0, m → ∞. (4.19)

Íàïîìíèì, ÷òî ïîñëåäîâàòåëüíîñòü {um(t, x)} ñõîäèòñÿ ñëàáî ê �óíê-

öèè u(t, x) â W
1,3
2 (QT ). Ñëåäîâàòåëüíî, ïî òåîðåìå �åëëèõà èç ýòîé ïî-

ñëåäîâàòåëüíîñòè ìîæíî èçâëå÷ü ïîäïîñëåäîâàòåëüíîñòü, ñõîäÿùóþñÿ â

L2(QT ) ñèëüíî. Äëÿ ñîêðàùåíèÿ çàïèñè áóäåì îáîçíà÷àòü åå òåì æå ñèì-

âîëîì {um(t, x)}. Òîãäà ðàâíîìåðíî ïî τ ∈ (0, T ), î÷åâèäíî, èìååì

∫ τ

0

∫

G

|um(s, x)− u(s, x)|2dxds → 0, m → ∞. (4.20)

Ïðèìåíèì ëåììó 2 ê ïîñëåäîâàòåëüíîñòè {um(t, x)− u(t, x)}. Èç íåðàâåí-
ñòâà (4.18) âûòåêàåò

‖um(0, x)− u(0, x), L2(G)‖2 6 2

τ

∫ τ

0

∫

G

∣∣um(s, x)− u(s, x)
∣∣2dxds

+τ

∫ τ

0

∫

G

∣∣Dsu
m(s, x)−Dsu(s, x)

∣∣2dxds.
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Ôóíêöèè u(t, x) è um(t, x) óäîâëåòâîðÿþò íåðàâåíñòâàì (4.1) è (4.12) ñî-

îòâåòñòâåííî. Ïîýòîìó çà ñ÷åò âûáîðà ÷èñëà τ ∈ (0, T ) âòîðîå ñëàãàåìîå
ñïðàâà ìîæåò áûòü ñêîëü óãîäíî ìàëî íå çàâèñèìî îò m. Ñëåäîâàòåëüíî,

ó÷èòûâàÿ ñõîäèìîñòü (4.20), ïîëó÷àåì (4.19).

Èç îïðåäåëåíèÿ íà÷àëüíûõ óñëîâèé (4.5)�(4.7) äëÿ ãàëåðêèíñêèõ ïðè-

áëèæåíèé um(t, x) èç (4.3) èìååì

‖um(0, x)− ϕ1(x),W
2
2 (G)‖ → 0, m → ∞.

Ïîýòîìó èç (4.19) íåïîñðåäñòâåííî âûòåêàåò ðàâåíñòâî (4.17).

Èòàê, ïðåäåëüíàÿ �óíêöèÿ u(t, x) ∈ W
1,3
2 (QT ) óäîâëåòâîðÿåò íåðàâåí-

ñòâó (4.1), äëÿ íåå âûïîëíåíû óñëîâèÿ (4.16), (4.17).

Ïîêàæåì, ÷òî ïðåäåëüíàÿ �óíêöèÿ u ∈ W
1,3
2,add(QT ) ÿâëÿåòñÿ îáîáù¼í-

íûì ðåøåíèåì ïåðâîé êðàåâîé çàäà÷è (2.1).

Óìíîæàÿ k-å ñîîòíîøåíèå (4.4) íà ak(t) è ñóììèðóÿ ïî k îò 1 äî l,

l ∈ N , l ≥ m0, ñ ó÷¼òîì îáîçíà÷åíèé

vl(t, x) =
l∑

k=1

ak(t)vk(x), ak(t)
∣∣
t=T

= 0, ak(t) ∈ W 2
2 (0, T ), (4.21)

ïîëó÷èì

∫

G

[(√
a0I +

√
a2∆

)2
D2

tu
m +

(
a1 − 2

√
a0a2

)
∆D2

t u
m

+
(
b0I + b1∆+ b2∆

2
)
Dtu

m +
(
d0I + d1∆+ d2∆

2 + d3∆
3
)
um
]
vl(t, x) dx

=

∫

G

f(t, x)vl(t, x) dx, m ≥ l.

Ïðîèíòåãðèðóåì îò 0 äî T è âîñïîëüçóåìñÿ �îðìóëîé �àóññà �Îñòðîãðàä-

ñêîãî, ó÷èòûâàÿ, ÷òî vl(t, x) ïî ïîñòðîåíèþ óäîâëåòâîðÿåò (2.3), áóäåì

èìåòü ∫

QT

(
−
(√

a0I +
√
a2∆

)
Dtu

m
(√

a0I +
√
a2∆

)
Dtv

l

+
(
a1 − 2

√
a0a2

)
∇Dtu

m∇Dtv
l + b0Dtu

mvl − b1∇Dtu
m∇vl + b2Dt∆um∆vl

+d0u
mvl−d1∇um∇vl+d2∆um∆vl−d3∇∆um∇∆vl

)
dx =

∫

QT

f(t, x)vl(t, x) dx

+

∫

G

(√
a0I +

√
a2∆

)
Dtu

m(0, x)
(√

a0I +
√
a2∆

)
vl(0, x) dx

−
(
a1 − 2

√
a0a2

) ∫

G

Dt∇um(0, x)∇vl(0, x) dx, x = (t, x), m ≥ l.
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Èç îïðåäåëåíèÿ íà÷àëüíûõ óñëîâèé (4.8) è ïîñëåäîâàòåëüíîñòè {um}
èìååì ïðè m > m0

∫

G

(√
a0I +

√
a2∆

)(
Dtu

m(0, x)− ϕ2(x)
)(√

a0I +
√
a2∆

)
vl(0, x) dx

−
(
a1 − 2

√
a0a2

) ∫

G

(
Dt∇um(0, x)−∇ϕ2(x)

)
∇vl(0, x) dx

=

∫

G

(√
a0I +

√
a2∆

)
(

m∑

p=1

〈ϕ2(x), vp(x)〉W̊ 2

2
(G)vp(x)− ϕ2(x)

)

×
l∑

k=1

ak(0)
(√

a0I +
√
a2∆

)
vk(x)dx−

(
a1 − 2

√
a0a2

)

×
∫

G

(
m∑

p=1

〈ϕ2(x), vp(x)〉W̊ 2

2
(G)∇vp(x)−∇ϕ2(x)

)

×
l∑

k=1

ak(0)∇vk(x) dx =
l∑

k=1

ak(0)
m∑

p=1

〈ϕ2(x), vp(x)〉W̊ 2

2
(G)

(∫

G

(√
a0I +

√
a2∆

)
vp(x)

(√
a0I +

√
a2∆

)
vk(x) dx

−
(
a1 − 2

√
a0a2

) ∫

G

∇vp(x)∇vk(x) dx

)

−
l∑

k=1

ak(0)

(∫

G

(√
a0I +

√
a2∆

)
ϕ2(x)

(√
a0I +

√
a2∆

)
vk(x) dx

−
(
a1 − 2

√
a0a2

) ∫

G

∇ϕ2(x)∇vk(x)dx

)

=
l∑

k=1

ak(0)
(
〈ϕ2(x), vk(x)〉W̊ 2

2
(G) − 〈ϕ2(x), vk(x)〉W̊ 2

2
(G)

)
= 0.

Ñëåäîâàòåëüíî,

∫

QT

(
−
(√

a0I +
√
a2∆

)
Dtu

m
(√

a0I +
√
a2∆

)
Dtv

l

+
(
a1 − 2

√
a0a2

)
∇Dtu

m∇Dtv
l + b0Dtu

mvl − b1∇Dtu
m∇vl + b2Dt∆um∆vl

+d0u
mvl−d1∇um∇vl+d2∆um∆vl−d3∇∆um∇∆vl

)
dx =

∫

QT

f(t, x)vl(t, x) dx
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+

∫

G

(√
a0I +

√
a2∆

)
ϕ2(x)

(√
a0I +

√
a2∆

)
vl(0, x)dx

−
(
a1 − 2

√
a0a2

) ∫

G

∇ϕ2(x)∇vl(0, x)dx, x = (t, x), m ≥ l.

Ó÷èòûâàÿ (4.13), áóäåì èìåòü

∫

QT

(
−
(√

a0I +
√
a2∆

)
Dtũ

N
(√

a0I +
√
a2∆

)
Dtv

l

+
(
a1 − 2

√
a0a2

)
∇Dtũ

N∇Dtv
l + b0Dtũ

Nvl − b1∇Dtũ
N∇vl + b2Dt∆ũN∆vl

+d0ũ
Nvl−d1∇ũN∇vl+d2∆ũN∆vl−d3∇∆ũN∇∆vl

)
dx =

∫

QT

f(t, x)vl(t, x)dx

+

∫

G

(√
a0I +

√
a2∆

)
ϕ2(x)

(√
a0I +

√
a2∆

)
vl(0, x)dx

−
(
a1 − 2

√
a0a2

) ∫

G

∇ϕ2(x)∇vl(0, x) dx, x = (t, x).

Â ñèëó òîãî, ÷òî ũN
ñèëüíî ñõîäèòñÿ ê u â íîðìåW

1,3
2 (QT ) è Dt∆ũN

ñèëüíî

ñõîäèòñÿ ê Dt∆u, â íîðìå L2(Q) ïðè N → ∞, ïîëó÷èì, ÷òî ñîîòíîøåíèå

(2.9) âûïîëíÿåòñÿ äëÿ �óíêöèé v(t, x) = vl(t, x), ãäå vl(t, x) îïðåäåëåíû â

(4.21).

Äîêàæåì ñïðàâåäëèâîñòü (2.9) äëÿ ïðîèçâîëüíîé �óíêöèè v(t, x) ∈
C∞

(
QT

)
, óäîâëåòâîðÿþùåé (2.3).

Íàïîìíèì, ÷òî {vp(x)} � áàçèñ â W̊ 3
2 (G). Îðòîíîðìèðóåì åãî â W̊ 3

2 (G)
îáîçíà÷èì ÷åðåç {ṽp(x)}. Ñëåäîâàòåëüíî, ó÷èòûâàÿ, ÷òî äëÿ t ∈ (0, T )

v(t, x) ∈ W̊ 3
2 (G), Dtv(t, x) ∈ W̊ 3

2 (G), ïîëó÷èì ñëåäóþùèå ïðåäñòàâëåíèÿ:

v(t, x) =
∞∑

k=1

ãk(t)ṽk(x), (4.22)

Dtv(t, x) =

∞∑

k=1

Dtãk(t)ṽk(x), (4.23)

ãäå ãk(t) �êîý��èöèåíòû Ôóðüå �óíêöèè v(t, x), ò.å.

ãk(t) =
〈
v(t, x), ṽk(x)

〉
W̊ 3

2
(G)

,

< ·, · >W̊ 3

2
(G) � ñêàëÿðíîå ïðîèçâåäåíèå â W̊ 3

2 (G). Îáîçíà÷èì ÷åðåç

vl(t, x) =

l∑

k=1

ãk(t)ṽk(x), Dtvl(t, x) =

l∑

k=1

Dtãk(t)ṽk(x),
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÷àñòè÷íûå ñóììû ðÿäîâ (4.22) è (4.23) ñîîòâåòñòâåííî. Èìååò ìåñòî ðà-

âåíñòâî Ïàðñåâàëÿ

∞∑

k=1

(
|ãk(t)|2+ |Dtãk(t)|2

)
=
∥∥v(t, x),W 3

2 (G)
∥∥2+

∥∥Dtv(t, x),W
3
2 (G)

∥∥2. (4.24)

Â ñèëó íåðàâåíñòâà Ñòåêëîâà èìååì

∥∥v(t, x)− vl(t, x),W
3
2 (G

)
‖2 +

∥∥Dtv(t, x)−Dtvl(t, x), L2(G)
∥∥2

+
∥∥Dt∆v(t, x)−Dt∆vl(t, x), L2(G)

∥∥2 6
∥∥v(t, x)− vl(t, x),W

3
2 (G)

∥∥2

+C
∥∥Dtv(t, x)−Dtvl(t, x),W

3
2 (G)

∥∥2 =
∞∑

k=l+1

(∣∣ãk(t)
∣∣2 + C

∣∣Dtãk(t)
∣∣2
)
.

Â ñèëó (4.24) äëÿ ëþáîãî t ∈ (0, T ) ðÿä ñõîäèòñÿ. Èíòåãðèðóåì ïî t îò 0

äî T

∫ T

0

[∥∥v(t, x)− vl(t, x),W
3
2 (G)

∥∥2 +
∥∥Dtv(t, x)−Dtvl(t, x), L2(G)

∥∥2

+
∥∥Dt∆v(t, x)−Dt∆vl(t, x), L2(G)

∥∥2
]
dt

6

∫ T

0

∞∑

k=l+1

(∣∣ãk(t)
∣∣2 + C

∣∣Dtãk(t)
∣∣2
)
dt.

Ñëåäîâàòåëüíî,

‖v(t, x)− vl(t, x),W
1,3
2 (QT )‖ → 0,

‖Dt∆v(t, x)−Dt∆vl(t, x), L2(QT )‖ → 0
(4.25)

ïðè l → ∞. Ïîëàãàÿ â (4.21), â êà÷åñòâå vl(t, x) ÷àñòè÷íóþ ñóììó ðÿäà

(4.22) è ó÷èòûâàÿ ñõîäèìîñòè (4.25), ïîëó÷èì òðåáóåìîå ðàâåíñòâî (2.9)

äëÿ ëþáîé v(t, x) ∈ C∞
(
QT

)
, óäîâëåòâîðÿþùåé (2.3). Ïîñêîëüêó C∞

(
QT

)

âñþäó ïëîòíî â W
1,3
2 (QT ) (ñì., íàïðèìåð, [9℄), òî ñîîòíîøåíèå (2.9) âûïîë-

íÿåòñÿ äëÿ ïðîèçâîëüíîé �óíêöèè v(t, x) ∈ W
1,3
2,add(QT ), óäîâëåòâîðÿþùåé

(2.3).

Òåîðåìà 2 äîêàçàíà.

Àâòîðû âûðàæàþò áëàãîäàðíîñòü �.Â. Äåìèäåíêî çà ïîñòàíîâêó çàäà-

÷è è âíèìàíèå ê ðàáîòå, à òàêæå âûðàæàþò áëàãîäàðíîñòü Õ.�. Óìàðîâó

çà óêàçàíèÿ ëèòåðàòóðû ïî âûâîäó îáîáùåííîãî óðàâíåíèÿ Áóññèíåñêà.
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